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Abstract

We continue studying questions concerning algorithmic and computational
complexity issues for parallel machine scheduling with a single server begun in [1].
The only difference between considered problems and classical parallel machine
problems is that each job before processing needs to be loaded on a machine
by the server. As a result the performing of any job consists of two parts,
namely, the loading part and the processing part. The loading of each job j
has to be performed by the server and by some machine 7 for s; time units. The
processing of job j is performed by the machine 7 for p; time units. Each machine
as well as the server can deal with only one job at a time, and each job can deal
simultaneously with one machine only.

1 Introduction

The problem in question can be described as follows. There are m identical parallel
machines 1, ..., m which must process n jobs 1,...,n. Each job j has a known integer
processing time p; and it must be loaded on a machine before its processing. The
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loading takes s; units of time. This loading, which is called a setup, is performed by
a server. There is only one server serving all machines. Each machine as well as the
server can deal with only one job at a time and each job can be processed by at most
one machine at a time. We denote this problem by P, S1 | 3 | . In the paper we prove
unary NP-hardness of problems P2, 51 | p; = 1,7, | Limaz, P,S1 | s, =1 > C;, and
P2,51 | p; = 1,r; | >_C;, binary NP-hardness of problems P2,51 | p; = p | Cruaz,
and P2,S1 | p, = p| >_ Cj, and develop polynomial algorithms for problems P, S1 |
pi=Lrj,s; =13 wT; P.S1|pj=1rjs;=s|3wC;, P,S1|pj=1rjs;=
s | 2w;Us, P,S1 | pj = 1,rj,8; = s | 3T;, P,S1 | pj =p.1j,8; =5 | Craaz, P, S1 |
p;=p,ri,8;=5|>,C; P,S1 | p; =1, | Copazy P,S1 | pj >m—2,5,=1]|>Cj,
P3,51|s; =1]>Cj,and P,S1 | p; =p,s; =s |, fj, where f; is a nondecreasing
function. Furthermore, we present two results which seem the most interesting. The
first one is a reduction of parallel machine problems to server problems and the second

one is a NP-hardness proof for the problem P, 51 |s; =1]> C;.

2 Reduction from parallel machine problems

Theorem: For a € {m, o}, arbitrary processing times p;, 5 € {r;,o} and each objec-
tive function v € {Criazy Linaz, »_, w;Cj, Y w,;U;j, > w,;T;} problem Pa | 8 | v reduces
polynomially to Pa, S1| 3, s, =1]~.

Sketch of the proof: Given an instance I of problem Pm | 3 | v, we construct an
instance I’ of Pm,S1 | B,s; = 1|~ by scaling the data with a large, but polynomially
bounded number a and introducing unit setup times for all jobs. A feasible schedule
S for I can be transformed into a feasible schedule S’ of I’ by stretching it with the
factor a, considering the unit setup times before processing and moving some jobs to
the right if their setups overlap with others. Conversely, a feasible schedule S for I can
be constructed from a feasible schedule S’ for I’ by applying the inverse transformation.
The idea of the scaling is that the setup and idle times introduced by the server do
not change the objective value too much. For the objective values of S and S’ it can
be shown that v(5) < y if and only if y(.S") = y’ for an appropriate value y’ depending
on y and 7. H

3 NP-hardness proof

Theorem: Problem P, S1|s; =1|> Cjis unary NP-hard.

Sketch of the proof: We prove NP-hardness by a reduction from the known unary
NP-complete 3-partition problem. An instance of the 3-partition problem consists of
3k + 2 natural numbers k, H, and ay, ..., a3 with H/4 < a; < H/2 for 1 <1 < 3k and
Z?ﬁl a; = kH. Does there exist a partition of the set {1,...,3k} into k sets Gy, ..., Gy
of triples such that ZieGj a;=Hforl1 <j<k?
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Given an instance of 3-partition, create an instance of the scheduling problem with
k 4+ 1 machines and n := k?H + k + 1 jobs. For convenience we divide all jobs into
three types: There are 3k jobs of the first type with s; = 1, p; = k%a;, where j =
1,...,3k. There are k*H — 3k jobs of the second type with s; = 1, p; = 0, where
j=3k+1,....,k*H. There are k + 1 jobs of the third type with s; = 1,p; = k*H?,
where 7 = k*H +1,... k*H + k + 1.

The decision problem is: Does there exist a feasible schedule with » C; < y, where
y=05(k*H +k+1)(k*H +k)+FH + FH+KH* + K°H + k + 17

Note that for any single server problem Z]‘ C; = zj t;+ Z]‘ sj+ Zj p; holds, where ¢;
is the starting time of job j. Since Z]‘ s; = k*H+k+1 and Z]‘ p; = KH*+K*H+k*H?,

for the scheduling instance we have

Y Ci=> t;+FH+k+1+KH +kH+EH,

7=1 7=1
and therefore a lower bound for the value Zj C; 1s determined by Zj t,=0+14... 4+
[k?H + K|, i.e. we always have

Y Cj > 0414 4+ [FH+E+FH +FPH+FPH +FH+kE+1
7=1

= 05(KH+k+1)(KH+ k) +FPH +FPH+EFH +FH+E+1
= Y

which is achievable if and only if the server works without idle times. |
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