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The critical factorization theorem

The repetition of (u, v) is the minimal length of a word left
compatible with u and right compatible with v .
It is denoted r(u, v).

Theorem (Cesari, Duval)

For each word x, there is at least one factorization (u, v) of x such
that

r(u, v) = p(x).

Moreover u can be chosen with |u| < p(x).

(u, v) is a Critical factorization of x .
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Example

Let x = abaababa wich has period 5 (Fibonacci). Then abaababa
is a critical factorization with w = babaa. Repetitions:

a b a a b a b a
2 3 1 5 5 2 2
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Consequences

A word having more than Card(X ) + 1 disjoint factorizations
in words of a finite set X has period at most maxx∈X |x |.
The two-way string-matching algorithm (MC & DP, 1991).

Simpler proofs of results in combinatorics on words (e.g. the
solutions of xnym = zp (Lyndon and Schützenberger, 1962)
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Known proofs

1 A simple proof in the particular case 3p(x) ≤ |x | consists in
writing x = `yyr with y Lyndon.

2 The original proof by Cesari, Vincent, 1978 (with a slightly
different definition of a critical factorization)

3 The proof by Duval, 1979 (based on the property that if
x = ayb with a, b letters, either ay or yb give a critical
factorization of x).

4 a proof by Maxime, 1991.
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A proof by Maxime

Theorem

Let ≤ and ⊆ be the alphabetic orders induced by two inverse total
orders on the alphabet A. Let v (resp. v ′) be the maximal suffix of
a nonempty word x for ≤ and ⊆. Let x = uv = u′v ′.
If |v | ≤ |v ′|, then (u, v) is a critical factorization, otherwise (u′v ′)
is.

Example:

abaababaabaab = abaababaabaab

= abaababaabaab

The second factorization is critical.

Dominique Perrin The critical factorization theorem



Conclusion

Further consequences of the factorization theorem

Relation between the proofs?
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