
The Effect of the Degree of Multistage Interconnection Networks on their
Performance: the Case of Delta and Over-sized Delta Networks

Ahmad Chadi Aljundi, Jean-Luc Dekeyser
Universite des Sciences et Technologies de Lille

Laboratoire d’Informatique Fonadamentale de Lille
59650 Villeneuve d’Ascq
�aljundi,dekeyser�@lifl.fr

Abstract

Interconnection network performance is a key factor
when constructing parallel computers. Today’s technolog-
ical progress makes it possible to build and use crossbars
of sizes up to 128. Crossbars can be used as switching
elements (SEs) in parallel architectures intercommunica-
tion systems such as multistage interconnection networks
(MINs). A MIN is usually defined, among others, by its
topology. One of the factors defining the topology of a MIN
is its degree. The degree of a MIN is the size of the SE of
which it is composed. In this paper we are interested in
studying the influence of the degree of two classes of MINs
on their performance. The tested MINs classes are the fa-
mous Delta networks and a subclass of this family called
the over-sized Delta networks. This study is to be used in
future work in order to evaluate the use of MINs as an in-
tercommunication medium in Symmetric Multiprocessors.

1. Introduction

As electronic components reach their physical speed lim-
its, using parallelism seems to be the only known practical
solution to face today’s scientific applications augmenting
need for computation speed. In a parallel computer the in-
tercommunication between processors and their communi-
cation with memory modules are key factors on which the
performance of the overall system depends. The important
thing about an intercommunication system is that it has the
capacity to route many communication tasks concurrently.
A conflict occurs when more than one message try to ac-
cess a same communication resource. Three types of con-
flicts exist while accessing the shared memory in a multi-
processor system [11]: network conflicts, bank busy con-
flicts, and simultaneous bank conflicts.

While a bus allows a very limited level of parallelism,
a crossbar [24], which provides a full connection between

all the nodes of the system is very complex, expensive and
hard to be controlled. MINs [21] are an interesting solu-
tion for intercommunication systems in parallel computers.
They provide an acceptable degree of parallelism with a
complexity well bellow that of a crossbar. Many MINs be-
longing to the famous Delta MINs family were studied and
effectively used to build parallel computers [8]. Delta MINs
form a sub-group from a bigger MINs family called banyan
MINs of which networks are characterized by the existence
of one and only one path between each source and desti-
nation. Non-banyan MINs are, in general, more expensive
than banyan networks and more complex to control. Still,
they often are fault tolerant and capable to apply rerouting
strategies used to bypass routing problems such as a conflict
or a faulty link or switch. Kruskal and Snir [13] studied aug-
mentation techniques that might be applied on banyan net-
works in order to improve their performance without much
loss of simplicity. Augmentation can be defined as adding
links and/or switches to the basic configuration of the net-
work.

A MIN is usually defined by, among others, its topol-
ogy, routing algorithm, switching strategy, and flow control
mechanism [6]. One of the factors defining the topology of
a MIN is its degree. The degree of a MIN is the size of SEs
of which it is composed. In this paper we study the effect
of the MIN’s degree on its performance. Networks of de-
grees 2, 4, and 8 were studied by Cheemalavagu and Malek
in [4]. In their paper, they were limited to 8 degree MINs be-
cause of the space and time needed for the simulation. Fur-
thermore, they used networks with and without buffers. In
this paper we investigate MINs of degrees up to 64, all of
them unbuffered. In order to establish this study, different
degrees Delta and over-sized Delta MINs [3] are tested. The
evaluation methodology is a multi-criteria simulation one
that projects performance measures into multi-dimensional
space. The methodology was explained in an earlier publi-
cation [3].

SMP (Symmetric MultiProcessing) machines are inter-

Proceedings of the 12th Euromicro Conference on Parallel, Distributed and Network-Based Processing (EUROMICRO-PDP’04) 

1066-6192/04 $20.00 © 2004 IEEE 



esting architectures used today to build parallel computers.
They are either crossbar or bus based architectures. In fact,
while MINs were widely studied in the literature, we think
that the use of MINs as an interconnection medium for SMP
architectures can improve their performance. This might be
the subject of future studies in the field.

The remainder of this paper is organized as follows: In
section 2 we present a topological calssification of MINs be-
fore a rapid reminder of the two example architectures to be
used in the paper: the Omega network and the MCRB net-
work. This is followed by the explanation of the evaluation
methodology to be used. Section 5 presents the comparison
and evaluation results befor ending the paper with the con-
clusion.

2. Topological Classification of MINs

A MIN can be defined as a network used to inter-connect
a group of � inputs to a group of � outputs using sev-
eral stages of small size SEs followed (or leaded) by link-
ing stages [23].

We propose in figure 1 a topological classification of
MINs. We give in the following some important definitions
related to this classification.

Omega Over-sized ...

Delta Non-Delta

Banyan Non-banyan

Augmented Clos ...

replicated delated

MINs

Figure 1. A topological classification of MINs

Definition 1 A banyan [7] MIN is a MIN having the prop-
erty of the existence of one and only one path between each
source and destination.

Banyan MINs might have the Delta property or not. Bas-
ing on Patel’s definition of Delta networks [20], we propose
the following mathematical definition of the Delta property.

Definition 2 For a Banyan MIN of size � and degree �1,
suppose that the switch’s inputs and outputs are presented
to the base �, i.e. in the form ��� ��� � � � � ����. Let the inputs
and outputs of the SEs in the network have the same indexes
then digits �� of all inputs of a switch must be equal. A net-
work or a stage having this characteristic is called to be
having the Delta property.

1 In this paper Network(N,r) will present a MIN of size � and degree
�.

SEs in Delta networks, which are banyan networks,
are digit-controlled crossbars. Digit-controlled cross-
bars are controlled by digits of the message’s control se-
quence.

In fact, a network having the Delta property possesses
some kind of regularity so that the network’s routing algo-
rithm can be simple and well defined [12].

Definition 3 We call an over-sized MIN of size � a banyan
Delta MIN composed of more than one copy of a Delta MIN
gathered together by an interconnection stage having the
Delta property.

Non-banyan networks can be constructed either by the
augmentation of a banyan network [13] or by the construc-
tion of a multipath network such as the Clos network [5].

3. Case Studies

Our goal in this paper is to evaluate the effect of MINs
degrees on their performance. The study will be applied on
Delta and over-sized Delta MINs. Later in this paper, Delta
networks will be presented by its sub-class Omega network
for comparison porposes. The MCRB network will be the
example used to study over-sized Delta networks.

3.1. Omega Network

A shuffule exchange [9] network, also called Omega net-
work [14], is a subset of the Delta networks family proposed
by Patel [20], which is a bit-controlled interconnection net-
works family. Figure 2 shows an Omega(16,4) network.
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Figure 2. A block diagram of ����� ��

3.2. Example of Over-sized Delta Networks: The
MCRB Network

The MCRB topology, defined by Kechadi in [10], is
a dynamic multistage implementation based on the static
chordal ring topology [19]. For complexity reasons, de-
scribed in [1], we give here a definition a bit different of
the one given by Kechadi.
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Proposition 1 An ������� �� network is a MIN
built of � � � SEs and contains � stages of � � ��

(SEs) each. Let SE�� be the SE � of the stage 	

of the ������� ��, then SE�� is connected to
SE������ such that 
� � �� � � ��� ��� ��, for
� � 	 � �� � �� � � � � � � �, and � � � � � � �.

As an example, the configuration of the �����	� 
� is
shown in Figure 3.
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Figure 3. �����	� 
� Network

In [3] it is proved that the MCRB network is a special
case of Delta networks. We call this special case over-sized
Delta networks.

4. Evaluation Methodology

In [3] a multi-criteria methodology based on perfor-
mance measures which defines a systematic decision mak-
ing mechanism for choosing more suitable MINs for a mul-
tiprocessor system was presented. This methodology is used
in this paper to evaluate the effect of the network’s de-
gree on its performance. We will limit our study to three
performance evaluation factors knowing that the proposed
methodology is general and that it is easy to add other fac-
tors chosen to evaluate the performance of a MIN. Here we
give small reminders of the definitions of the used metrics.

4.1. Integration complexity

While studying a MIN, the first evaluation to do is its
hardware complexity. The hardware complexity of a MIN
can be calculated by two means: the number of cross-points
and the number of connections or wires needed to construct
the MIN. Liu [16] defines the hardware complexity of a
MIN as the maximum of the two means. The hardware com-
plexity of a MIN in term of crosspoints is equal to the to-
tal number of crosspoints of all crossbars used to build it.
The complexity in terms of connections is the sum of links
or wires in all stages.

Definition 4 consider a MIN of size � and degree �, that
has � stages of 
 SEs each. The stages are connected with
� inter-stages links. The integration complexity of the MIN
will be defined as � � ��
����
� � ��.

4.2. Throughput

Throughput is defined as the number of messages deliv-
ered to their destinations per unit of time [17, 20]. Many
analytical studies of MIN’s throughput can be found in the
literature [20, 13, 22]. Simulation is used frequently when
more realistic results are needed. It allows more flexibil-
ity in network characterization in order to make it possi-
ble to analyze real-world and popular communication pat-
terns. To study the throughput of an unbuffered network,
messages leave sources to their destinations. In the case of
a conflict, only one message goes through and the others
are discarded. The throughput is calculated as the number
of messages that arrive to their destinations per unit of time
over a certain number of trials.

Definition 5 In an unbuffered MIN, We define the through-
put as the number of messages delivered to their destina-
tion per unit of time knowing that only one message goes
through when more than one message assigned the same in-
terconnection resource. All other messages are discarded.

4.3. Network’s Latency

Another important performance parameter is the net-
work’s latency, which is defined below. The network la-
tency analysis depends directly on the maximum number
of cycles needed to route a certain number of permutations
to their destinations. We use the same previously explained
simulation to measure the analyzed MINs’ latency.

Definition 6 The latency of a MIN is defined by the num-
ber of network cycles needed for all messages of a permu-
tation to arrive to their destinations. This is referred to as
the network’s universality [23].

4.4. Universal Performance Factor

Here we explain how performance factors can be com-
bined in order to get a universal performance evaluation fac-
tor. The above defined factors will serve as examples to val-
idate our proposed evaluation methodology.

We suppose that the importance of the factors is a design
choice (i.e. the performance factors to be evaluated are cho-
sen). In general, performance evaluation factors can be di-
vided into two major groups: factors to be maximized and
factors to be minimized. We call the group of factors to
be maximized ���� � �����

�
� ����

�
� � � � � ����

� � and the
factors to be minimized ���� � �����

�
� ����

�
� � � � � ����

	 �,
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where � is the number of factors to be maximized and � is
the number of factors to be minimized. The universal per-
formance factor is defined by the following:

Definition 7 Given a MIN and groups of performance fac-
tors ���� and ����. The universal performance factor
(UPF) can be broadely defined by:

��� �

���� ��
���

�����
� �� �

��
���

�

�����
� ��

(1)

Definition 8 Given two networks �� and �� and their
UPFs, ���� and ���� respectively. We say that �� is
more performant than �� if ���� � ����.

In order to clarify the idea behind this definition con-
sider an example of two MINs performance evaluation with
two performance factors �� and ���. We assume that these
two factors are both to be minimized. Figure 4 presents in
two dimensional space the performance of the two MINs
�� and ��. Let ���(resp. ���) and ����(resp. ����) be the cal-
culated values of these factors for ��(resp. ��). From Fig-
ure 4 onc can notice that �� is more performant than �� as
�� gives smaller values than those of ��. Note that the UPF
is the length of the vector having for coordinates ���

�� �
��

� �.
One can notice that smaller value for UPF, better is the net-
work performance.

p’

p"

p1’ p2’

p1"

p2"

UPF1

UPF2

Figure 4. An example of the use of the UPF
factor.

Usually different parameters have different types of mea-
sures and scaling. In order to solve this problem, values can
be normalized to a certain value, which may be the max-
imum value, or the average value for each factor. We call
�� the average value of factor ��. The equation 1 can be re-
placed by the following equation:

��� �

���� ��
���

�
����
�

����
�

��
�

��
���

�
����
�

����
�

��
(2)

The equation 2 can be further improved by including the
importance aspect of each factor in the design process of a
MIN. This can be done by multiplying each term by a fac-
tor called the weight (	). The weight 	� expresses the im-
portance of the performance parameter ��. This leads to the
following final equation.

��� �

���� ��
���

	�

�
����
�

����
�

��
�

��
���

	�

�
����
�

����
�

��
(3)

From now on all performance factors are normalized and
all factors’ weights are of equal importance.

5. Performance Evaluation

In this section, we evaluate and compare the effect of the
degree of two MINs on their performance. Tested MINs are
the Omega and the MCRB networks. Two stages MCRB
networks will not be tested as they are non-blocking and
more complex than the crossbar [2]. Simulation mechanism
and the way results were obtained can be found in a priveous
publication [1]. Note that BPC (Bit Permute Complement)
permutations are used as work loads [15, 18].

5.1. One dimension evaluations

We mean by one dimension evaluations those consider-
ing only one performance factor.

5.1.1. Latency Concerning latency, results that we got
correspond to those found by Cheemalavagu and Malek [4].
Figure 5 shows that latency of networks of degree 4 is bet-
ter than those of degree 2 and 8 for 64 size SW-banyans. In
fact, this is not true for another banyan special case Delta
network, which is the over-sized network. Figure 6 shows
that, always, for over-sized Delta network less latency is
obtained with crossbars of bigger degrees. The same fig-
ure shows that there is an optimal value of the Omega net-
work’s degree so that it has the least latency. This can be
explained as follows: It is evident that bigger size crossbars
can pass a larger number of permutations of the same size.
However, the permutation capacity of a crossbar might be
limited by the great number of requests coming to its inputs.
The probability of a conflict to occur in a 2 degree Delta net-
work is greater than that in a bigger degree one. This can be
demonstrated by simple calculation using, for example, Pa-
tel’s formula [20] to calculate the probability of message ar-
rival in a Delta network. In fact, for a certain degree value,
this conflict probability reaches an important level so that
less messages can pass, which implies a larger latency. This
explains the existence of the optimal value for Delta net-
works. On the other hand, as the number of crossbars in an
over-sized Delta network is 
 times the number of crossbars
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in a Delta network, this limit is not reached and the univer-
sality of the network is always better when using crossbars
of bigger sizes.
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Figure 5. Latency of 64 size networks as a
function of the degree
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Figure 6. Latency as a function of the degree

5.1.2. Throughput Figure 7 shows the throughput of dif-
ferent sizes networks as a function of the degree. The figure
shows that for over-sized Delta networks, throughput is big-
ger when larger size crossbars are used. On the other hand,
Delta networks have, once again, an optimal degree value,
which is 2 for size 64 networks, 2 and 4 for size 1024 and 4
for 4096 size networks.
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Deg.

Th.

Figure 7. Throughput as a function of the de-
gree

Note that when a very big number of messages arrive to
the first stage of a network, using our approach to calcu-
late the throughput, a considerable number of messages are
discarded. No conflicts can occur on the last stage as the
destinations are groups of permutations. This means that
conflicts can occur only on a limited number of stages in
large degree MINs which might explain the slight augmen-
tation of the the throughput of Omega(4096,64) as related
to Omega(4096,16).

5.2. Two dimensions evaluations

Here, two performance factors are evaluated simultane-
ously.

5.2.1. Complexity and throughput UPF Comparing the
UPFs of several MINs regarding only the complexity and
the throughput means that latency is not an important fac-
tor to be evaluated. In other words, the betterness of the net-
work is judged by a small complexity and a high through-
put only, which are to be evaluated at the same time. What
is really important to note in figure 8 is the complexity ef-
fect on the performance of the over-sized Delta networks.
This will be further cleared in the next section where we
study the universality-throughput UPF.

Note also the approach of the performance values of the
Delta network to the optimal degree value. For small size
networks, small degrees give the best results, while for net-
works of size 1024, crossbars of size 2 and 4 give the same
best performance. However, with 4096 size network the op-
timal degree value is 4.
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Figure 8. Complexity-throughput UPF as a
function of the degree

5.2.2. Universality and throughput UPF Here, the cost
of the MIN is not an important factor to be evaluated. So,
we are looking for the MIN that gives the best latency
AND throughput at the same time regardless to the com-
plexity. In fact, MCRB networks show a very good perfor-
mance when complexity is not to be considered. This is why
their universality-throughput UPF is considerably smaller
when using bigger sizes crossbars. Remember that a smaller
UPF means better performance. Note that complexity plays,
when considered, an important role in degrading the net-
work’s performance as related to the complexity-throughput
UPF case. This is because over-sized Delta networks’ com-
plexities augment very rapidly with their degrees.

On the other hand, we see once again the optimal value
aspect when studying the Delta network. Also note the im-
provement of the UPF for the Omega(4096,64) relatively to
the Omega(4096,16). This is due to the improvement of the
throughput of this network, previously explained.

5.3. Inclusive UPF

Figure 10 presents the comparison and evaluation of a
number of netwroks as related to the three factors we are
considering in this paper as examples, i.e. complexity, uni-
versality and throughput.

Once more, we can observe the important effect of com-
plexity on the overall system performance. This can be eas-
ily seen by comparing figures 10 and 8, in which curves
have almost identical shapes (the shapes are totally differ-
ent when complexity is not considered, see figure 9). What
is remarkable in figure 10 is that one of the over-sized Delta
cases, which is when the size of the network is 4096, has
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Figure 9. Latency-throughput UPF as a func-
tion of the degree
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Figure 10. Inclusive UPF as a function of the
degree

an optimal degree value which does not correspond to the
biggest one. The best case for 4096 size over-sized Delta
networks, when considering all three performance factors,
is when the degree is equal to 4.

6. Conclusion

MINs have been used as intercommunication systems
in parallel machines. Their performance is considered as a
key factor on which the system’s overall performance de-
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pends. The need of a multi-criteria performance evaluation
methodology is due to the large number of performance
metrics that one may want to test to evaluate a MIN. We pro-
posed a measures based evaluation and comparison meth-
dology in priveous publications. New proposed architec-
tures can be tested using this methdodology and they can be
compared to other known MINs. In this paper, we used this
comparison and evaluation methodology that applies sim-
ple heuristics to compare networks of different degrees. The
main interest of the paper was to evaluate the network’s de-
gree effect on its performance. Our observations showed
that an optimal degree value exists for Delta MINs. How-
ever, in general, bigger degrees MCRB networks lead to
better performance. An exception is noted to this rule when
network’s complexity becomes really important and all per-
formance factors are considered. In this case the over-sized
Delta network can even approach the Delta networks per-
formance network optimal value aspect.

This study of MINs is aimed to be a basis for future study
of the use of MINs in SMP machines.
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