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The aim of this paper is to propose a logical and algebraic theory which seems well-suited to 
logic programs with negatior, and deductive databases. This theory has similar properties to those 
of Prolog theory limited to programs with Horn clauses and tbns can be considered as sn extension 
of the usual theory. This parallel with logic programming without negation lies in the introduction 
of a third truth value (Indefinite) and of a new non-monotonic implication connective. Our 
proposition is different from the other ways of introducing a third truth value already used in 
Logic Programming and databases but it is somehow related to some of the.“, espeklly to 
Fitting’s theor,l. We introduce a “consequencs” operator associated with a logic program with 
negation which extends the operator of Apt and Van Emden. In the case of a consistent program, 
the post-fixpoints uf this opera:or are the models of the program as they are usually. This operator 
is related 10 Fittine’s one, the relation being obtained by completing the program. We ficslly $ve 
an operational semnntics for B program with negation by the abtention ofa three-valued interpreter 
from a bivalued one. 

When treating negation in logic programming, many problems must be faced and 
attempts to solve them may be sorted out more or less according to their faithfulness 
to negation as failure, which is the negation really used in Prolog [4, 10, 14, 22, 
231. It does not seem possible to stay close to Prolog while having an easy axiomatical 
semantics: we are not sure to find a sound and complete semantics for negation as 
faiiure. A negation other than negation as failure is also used in expert systems 
working in forwards chaining. 

The theory we propose here is quite general and can be applied to both Logic 
Programming and this negation. It has good theoretical and algebraic properties 
similar to those obtained in logic programming with negation. The parallel lies in 
the introduction of a third truth value, indefinite and a new non-monotonic implica- 
tion connective denoted by +. We thus obtain a very simple way of treating negation 
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and a purely axiomatic reading oF a program is then possible: we are now able to 
propr;nn by writing axioms :mtl the spec&*rction of a program becomes the prsgram 

itself. 
Although the deductions otrtained in three-valued logic muy hr IOU wc:tk (WC do 

nor somclimes dcdu~c enough logical ixmbeyuaWs al iI program), this logic is 
nirtural fur c3scs of partial it$mnr:tticln trnrl it hits iIl~C~itl~ twn used for a long lime 

in Anilicial IotellSgcncc f J, 26j. We have concentrated on the dertorurirrnulsemanrics 
of a logic i>rogtmu wi~lr rtcgntion by introducing an operator associated with logic 

prngrntns with negation, whose post-fixpoints are exactly the models of the program 

itself when it is consistent. The least firpoint nf this operator will then he the least 

model of the progr:ml. We also study the rel;tlions between our operator, Fitting’s 
MU and Apt and Van Emden’s one for the cast of programs without negation. 

Finally, we try to study the upercrfionul semantics of a program with negation. 

First, we have the result that all the ground literals being the logical three-valued 
consequence= ofa program without negation are exactly the result ofthe computation 

of forward chaining. We also give algorithms which compute the smallest model of 

a program by obtaining a three-valued interpreter from a bivalued one. 

In this paper, we restrict ourselves to Hcrbrand interpretations and we do not 

study completely all the properties of this three-valued logic. For a more general 

theory, and particularly the completene!;s of this three-valued logic, and the 

expressivity of the connectives of lhe language, see [241. 
‘fhe introduction of :I third truth V.IIUC and a new non-tnorIotonic connective can 

hc,justi!?rd w follows: il is used to ,give another expressivity tn a rule wilh negation: 

:ts soon as a negation is introduced in the body of a rule, we obtain 

A+A I,..., A~,-IB, ,..., TB,,, 

which is logically equivalent to any clause 

AR,,..., B,cA,,. . . ,A,. 

As we know that every first order axioms system may be written with a set of 

clauses, the quesiion of writing a program as a set of rules is then raised. Two 
answers may be given. The first one is to keep a set of rules to generalize the 
SLD-resolution to the SLDNF-resolution, since it is an efficient mechanism. The 
completeness of the SLDNF-resolution, far from being easy, has already been 
obtained for special kinds of programs, for instance the hierarchical programs. The 
second one, which is our answer, is to give a different expressivity to such a formula 
(A+A,,..., Ak, TB,, . . , lBq) by the introduction of a third truth value and a 
new non-monotonic connective. 

Many studies have used !his approach and in the next section, we attempt to give 
a general survey of the research in order to compare it wit” our own research. :; 
will enable us to give the relations between our implication connective and operator 
and Fitting’s eq?*ivalence connective and operator. 
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Survey of research 

%ting [7, X, r)] uses tltree-valued logic for logic programming, which actually 
means not giving a truth value to any ground atom. In his paper[7], Fitting introduces 
a third truth vnlue I (Indehnite). He is interested only in programs with positive 
rrr!es like 

A + B, , . . * , 8, 

whcru A is an atom and M, are formulas using the symbols (A, v, I). He defines 
the truth values ol’-TF, F A G, F v G, 3x F, V.u G, in the same way as they are defined 

here. There is no implication connective, but only an equivalence connective = 
defined by: 

X = Y is True iff X and Y have the same truth value, False otherwise. 

His connective = will correspond to our strong equivalence connective, u. A 
model of a P program is a Herbrand model of its completion Camp(P) in which 
equality1 is interpreted by syntactical equality. The completion of a program is 
obtained normally [4, 141 by replacing each rule 

by 

P(xI.~.~,x.)+3Y,~~ .3_l>k (x,=t,h”.AX,,=f,,AB,n~‘.nB,,) 

wherey,,..., yk are the variables of I,, , /,, and of B,, . . , B,,. 
If 0, denotes the formula: 3y, . . . 3y, (x, = t, A. . AX,, = r,, A B, A. . . A ES,,), the 

completion of P is obtained first by putting all the rules having their heads built 
on the same predicate symbol together, in the following way: 

p(r#, . . . , x,,) = D, v v Dp 

and secondly by adding to the P program, lp(x,, . . , x.) where p is a predicate 
symbol of P without being in any head of its rules. Fitting is interested in the 
semantical interpretation of a program as fixpoints of operators. His order on the 
set of three-valued Herbrand interpretations is the set inclusion which corresponds 
to the order I -S F, I s Ton { 7, F, I}. With each three-valued Herbrand interpretation 
i, is associated the mapping !vir Mined from the set o . the language formulas to 
the set {T, F, I}, its image on a formula being the truth value of the formula with 
respect to i. His operator FPr is defined by its image on a three-valued Herbrand 
interpretation by 

Fr+( i) = {ato jthere is a ground instance ato t 8, ~ . . , B,,, of a rule of Pr 
such that tvi( B, , . , B,,,) = T} 

LJ {latolfor all ground instance ato+ B,, . . , B,,, of Pr we have 
tv,(B I,..., B,,,f=FI. 



This operator is monotonic and the tixpoints of FPr are exactly the models of the 
completicjn of Pr. As a union Gf partial models is not necessarily a three-valued 
interpretation, the set of the three-valued interpretations is no longer a complete 
lattice but only a semi-complete one: the ininrsection of two three-valued Herbrand 
interpretations is still a three-valued Herbrand interpretation and a consistent union 
of two three-valued Herbrand interpretations is a three-valued Herbrand interpreta- 
tion. The mapping Fisv has a least fixpoint which is also the least model of comp( P) 
and does not have any greatest fixpoint but only several maximal ones. There are 
thm twG ways of defining the semnnfics of a logic program: 
o the least fixpoint of Fr,, 
e the optimal lixpoint of F,,, which is the greatest fixpoint less or equal to the 

intersection of all the maximal fixpoints and which is also the greatest consistent 
fixpoint. 
Our theory is close to Fitting’s but we give a new interpretation of the connective 

+ and define the notion of Herbrand model of Pr wit.hout using its completion: the 
specification of a program will thus be the program itself. We can express its 
connective - with our implication connective, the negation and the cp,njunctiGn 
symbol; we can obtain FPr from our mapping TPr by completing our program. 

Lassez [13] also uses a three-valued logic. The programs considered have only 
Horn clauses: At A,, . . , A,,. His implication connective is Lukasiewicz’s one, and 
has the following truth table: 

A + l3 is not True 
ii’ A gets the truth value ‘F and B gets the truth value I (A+B 

gets the truth value I), 
if A gets the truth value T and B gets the truth value F (A+ B 

gets the truth value F), 
If A gets the truth value I and B gets the truth value F (A+ B 

gets the truth value I). 
A + B gets the truth value T otherwise. 

The formula P + Q is not ‘logically equivalent to the formula -9 v Q, if P and Q 
have the truth value 1 for instance. His order on [T, F. I) corresponds to the set 
inclusion order on the set of the three-valued Herbrand interpretations (I s F, I s T). 

The operator 7 associated with a logic program P is defined in the following way 
(a Herbrand interpretation being considered as an application from the set of ground 
formulas to {T, F, I}): 
e if there is a ground instance of a rule of P with A in its head, At B,, . . . , B,,, 

such that f( B, ,+ . . A B,,) = T, then 7(f)(A) = T, 
* if, fGc every ground instance of P with A in its head, At 

B I,..., B,,,_f(B,A.‘. A B,,) = F, then 7(f)(A) =f(A), 
* if, for every ground instance of P with A in its head, A+ B,, . . , B,,,f(B, A. . . A 

B,,)+ V, and if there is a ground instance of a rule of P with A in its head, 
A+& ,..., B,,,suchthat.f(B,A... A &)=I, then 7(f)(Aj=glb(T’,f(A)j. 



The fixpoints of r are exactly the models of P For this operator, the two notions 
of optimal fixpoint and least lixpoint are the same. This especially comes from the 
fact that the interpretation constantly equal to True, is always a model of a program 
with Horn clauses. It follows that neither the least model nor the optimal model of 
a program (which are both included in the maximal interpretation constantly equal 
to True), take the truth value False. The negative information, which resuits from 
the completed program, IS not really represented in this semantics model. So this 
semantics does not seem well-suited to logic programming with negation, 

ldycroft [18] also uses three-valued logic. However, the clauses considered are 
definite program clauses, in order to show that a many valued logic is better suited 
to the SLD-resolution. He introduces the same operator as Apt and Van Emden 
[28]. The truth tables of the connectives h, and v are the same as the ones we use. 
He does not introduce any ‘mplication connective. The three-valued part of his 
paper is essentially contained in Fitting’s paper. 

Kunen [ll] uses three-valued logic only for programs with positive rules. His 
work is very close to Fitting’s because he considers the completion of a program 
and has the same operator. According to him, the semantics of a logic P program, 
is not the least fixpoint of the operator T but TTo, which is not always a model of 
I? From our point of view, a good semantics should be expressed in terms of axioms 
and models. 

Finally, Przymusinski [19, 201, has a new vision on three-valued logic. In [19], 
he introduces three truth values and an order on {T, F, I}, Fs Is T which does 
not correspond to the set inclusion order on the set of the Herbrand three-valued 
interpretations. A Herbrand interpretation 3 is given by two sets of ground atoms: 
F and 9, without saying that Sn 9 = 0, which allows a ground atom to have two 
truth values. In this context, negation is no longer monotonic while in our theory, 
the monotonicity of negation enables us to extend the monotony property, which 
has many consequences. His implication connective, although it never gets the truth 
value Indefinite (I), is not the same as ours. It is defined by 

tv,(A+B)= T iff tv,(B)atv,(A), tv,(A+ B) = F otherwise. 

Our implication connective gets the truth value True more often than this one 
and it follows that we will have more models in our theory. The logic programs he 
considered are definite ones with only positive rules (A e L,, . . , IL,, A is an atom 
and L, are literalsj. The operator associated with each program is built on two 
levels; this operator is monotonic and its least tixpoint is the least model of P. Our 
operator is built in a much more simple way, as an extension of Apt and Van 
Emden’s. However, the models obtained with his implication connective are models 
for us too. 

Manna and Shamir [16, 17), have developed a theory of optimal fixpoints for 
any monotonic functional defined on a set of partial functions. This theory may 
interest us because the three-valued Herbrand interpretations we consider. may be 



194 J. I? Delahayc, K Thibau 

considered as partial functions from the set of the ground atoms to the set {T, F} 
(not being defined where they get the truth value Indefinite). We adapt what could 
have been done for partial functions to three-valued logic. However, we do not 
develop this notion in this paper (see [24]). 

Another development of three-valued logic for logic programming seems possible 
[5, 241. We try to present some aspects of il irr this paper. 

1. An extension of the bivalued logic for programs with negation 

We first recall the properties obtained for logic programs without negation. 
L is a logical language with the connectives A, v, d, ti, 1, and the quantifiers 

V, 3. The set Her(L) denotes the set of ail the ground literals (atoms or negations 
of an atom) not containing the equality predicate, her(L) being the set of the positive 
ground literals and lher(L) the negative ones, the set UNI(L) is the set of all the 
ground terms. These notaticns are available for every language L, even when the 
language is extended. 

When studying ptograms without negation with rules like ato+ for where the 
formula for uses the symbols V, 3, A, v, we use the notion of bivalued Herbrand 
interpretations. The set 2’lercL1 of all the bivalued Herbrand interpretations, which 
is the set of all the subsets of her(L), is ordered by the set inclusion. This order 
corre:.ponds to the order induced by FS T on the set of the functions from For( 2,) 
to {T, F}, with the correspondence $ : 2”“I’-’ -,{Functions from For(L) to {T, F}}, 
such that J/(i) = tv, (where tv,(for) denotes the truth value of a formula for of 
For(L), defined for an atom ato by tv,(ato) =True if atoE i. False otherwise, and 
extended as usual for any formula for). 

The first important property we wil! have to extend is a mono!ony prcputy. If 
F(L) denotes the set of formulas making the body of a rule of a program without 
negation (using the symbols V, 3, A, v), the mapping C$ :2h”‘L’+{Functions from 
F(L) to {T, F}}, such that 4(i)=tv;/F(L) ’ rs monotonic for the set inclusion order 
on 2he”L1 and the order induced by F-S T on the functions from F(L) to {T, F}. It 
means that if the formula for makes the body of a rule of a program without negation, 
i.e. is a formula using the symbols V, 3, n, v, then 

i z j implies that tv,(for) s tv,(for). 

This monotony property is important because of the following consequences: 
* From this monotony property and the truth table of the implication connective 

(=3), follows the intersection model property: an intersection of Herbrand models 
of a program is still a model of this program. 

e Cr-7= *GE monotony property, it follows that the 4pt and Van Emden “con- . I”... i..._ 
sequence” operator denoted by B,,, which associates the interpretation BPS(i) = 
{ato E her(l)!there is a ground instance of a rule of Pr, atotfor such that 
tv;(for) = True} with each bivalued interpretation i, is monotonic. The operator 



Rp( being monotonic, it admits a least lixpoint according to the Rirkholf-Tarski 
theorem, which is equal to &,,?a for some (Y ordinal 1 IJ (where l?,,,t~ is defined 
as usual by transiinite induction with f&TO i;f $9). 

??As by the truth table of the implication connective (=+), the postfixpoints of this 
operator are exactly the models of a program 12lj, with the monotony of B,, and 
121, we obtain that &$a! E i, for eat h i model of a Pr program, by translinite 
induction [3j. 

??From 111 and 1131, we are now able to deduce that the least fixpoint of B,+ i,i the 
least model of Pr [14]. We thus have a denotational semantics for a pro;gram 
without negation which is the least fixpoint of the operator being associated with 
it. Moreover this least fixpoint is Bprrw when the program is definite. 
As soon as we introduce negation, even only in the body of a rule, the intersection 

model property is no longer true. For example, if Pr is the following program, where 
p, 4, r are predicate symbols and f a function symbol: 

q(x) +-p(x), r(x) 

q(f(x))+-P(x), 14x) 

P(X) +. 

If we want to study programs having rules with negation, like lit t for where lit 
is a literal and the formula for uses the symbols V, 3, n, v, 7, =+, G, we would 
like to extend the monotony property to the formulas making the body of a rule of 
such programs. This is why we introduce a third truth value Indefinite and we 
associate the notion of three-valued interpretation with this truth value. To make 
the parallel easier with the bivalued case, we will define a bivalued Herbrand 
interpretation as a peculiar case of a three-valued one. 

Definition 1.1. A three-valued interpretation is a consistent subset i ofthe set Her(E), 
that is: 

Wato E her(L), ato E i implies that late G i. 

The set of all rhe three-valued Herbrand interpretations is denoted by IHT(L). 
A bivalued Herbrand interpretation is a three-valued complete one, that is: 

Vato E her(L), atoE i or 7atoE i. 

The set of all the bivalued Herbrand interpretations is denoted by IHB(L). 

To come back to the usual definition, we use the mapping pos: IHB( L) --) 2hrr’L’, 
i + in her(L), which associates its positive part with a Herbrand bivalued interpreta- 
tion. The corresponding order on IHB(L) is i~j iff pas(i) C_ pos(j). 

Remark 12. We may consider a three-valued Herbrand interpret&m as a partial 
interpretation, assuming that if ato and Fate do not beiong to i, then ato daes not 
get a truth value belonging to {T, F} but tc,(ato) = 1. 
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We now introduce the truth value of the connectives A, v,T,+=$,*, and the 
quantihers V, 3, taking the truth value Indefinite into account. We will then be able 

to extend the monotony property to the formulas meking the body of the rules of 

the studied programs. So, in the FollowicF: definition, we give the truth tables of the 

connectives A, v,-I,+&, and more gc~rally the truth value of a formula of LI 

logic:tl langmtgc (using the cot~ncctivcs n, Y, -1. GJ, @ and the quantifiers V, 3). 

Definition 1.3. We drline the truth values of A, v, -1,3,e (considered as applica- 
tions from { 7; F, I)’ (or (T, F; 1;) :o :‘K P, Ii). The truth tables of A and v are the 
following: 

$--7-- -: 

The truth value of -I is delined by -IT = F, IF = T, lI= I, and the truth value 
of PJQ is defined as usual by the truth value of 1P v Q, and the truth value of 
P@Q by the truth value of (~+Q)A(QJP). 

(i) We then define the truth value tv, with respect to a three-valued i Herbrand 
interpretation of a closed formula .f using the connectives A, v, -I, 3, w, and the 
quantifers V, 3, inductively by the following: 
e If J- ato E ber( L), tvi(f) = T iff ato E i, F iff -iato E i, Indefinite otherwise. 
?? If j’= ( I =” u), (where I and u are two gronnd terms of the language) tv,(f) = T 

iff t and u are syntactically identical, False otherwise. 
?? If J= -,g, or (g y h) where y E {A, v, 3, e}, the truth value off is defined as 

usual with the truth tables above. 
* Iff=Vxg, tv,(J‘) = T iff for every t element of UNI(L), tv,(g(f)) = T, F iff there 

is a t element of UNI(L), tv,(g(t)) = F, Indefinite otherwise. 
e The same if f= 3xg. 

(ii) If .f is not closed, tvi(,f) = tv,(V,f) where VI’ is the universal closure of J 

With this third truth value, we are now able to extend the monotony property to 
the formulas making the body of the rules of a three-vaiued program (a program 
having rules like lit + for, with the formula for using the symbols A, v, -I, +, @, Y, 3). 
!f &r(L) is the jet of ?& formu1a.s of the language using the symbols 
A, v, 7, +, a$, V, 3, then we have the foiiowing proposition. 

Proposition 1.4. The moping 4: IHT( L) + {Functionsfrom For(L) to {T, F, I}}, such 
that b(i) = tvi is monotonic with respect ro the set inclusion order on IHT(Lj and the 
order induced by I s T, I s F on th e set of the ftmctiom from For(L) to {T, F, I). 



Proof. We have to show that ifthe formula for uses the symbols A, v, -I,=+, O, V, 3, 
is j implies that tvi(for) :’ tvj(for). By induction on for. U 

Remark 1.5. This monotony property means that if the formula for uses the symbols 
A, v, -I,+, @, V, 3, having the truth value of some of its atoms unknown 
(Indefinite), its truth value cannot change (from True to False or the converse) but 
only gets a well-known truth value (True or False). 

We have extended the monotony property to For(L) by introducing a new truth 
value Indelinite. Since, even with this new truth value I, the formula f+g gets the 
same truth value as the formula ~J’v g in any Herbrand interpretation, and since 
we do not yet have the intersection models property with rules Iike lit+for, we are 
now going to extend the logical language L by adding a new implication connective 
to it. It is neither Lukasiewicz nor Xleene’s one, but is denoted by +, in order to 
give another expressivity to the implication connective as we said in the introduction. 

Definition 1.6. If f and g are two ground formulas, for any Herbrand interpre- 
tation i, 

tv;(,f- g) = F iff tv,(f) = T and tv,(g) # T 
and tvi(f+ g) = T otherwise. 

f+ g is logically equivalent to g +f: 

Remark 1.7. This connective is called non-monotonic: 
(a) considered as an application from {T, F, I)‘to {T, F, I}, with the order induced 

by I s F, I c T, on these sets, we do not have +(I, F) s +(T, F) although (I, F)G 
(T,E),since+(l,F)=Twhile+(T,F)=F. 

(b) if we include in For(L), the formulas using the connective +, the mapping 
4:IHT(L)+{Functions from For(L) to {T, F, I)}, such that c#( i) = tvj is no longer 
monotonic. 

One of the reasons for the choice of + is the completeness of the logic obtained. 
We have proved [24] that there is a formal system such that: 
e if A is a formula of propositional calculus using the symbols -J, +, we have an 

equivalence between “A is a theorem of this forma1 system” and “A is a 
tautology”; 

o we have another completeness theorem in propositional calculus for any formula 
using the symbols 7, +, A, and in predicate calculus for any formula using the 
symbols 7, +, and the existential quantifier 3 as well. 
The last completeness theorem enables us to ensure that the set of tautologies of 

this logic in predicate calculus is recursively enumerable. We have also proved that 
it is not recursive [24]. 

At this step of the extension of the truth values and the language, we are now 
able to get the model intersection property for a Pr program having rules like lit+- for, 
if lit is a literal and the formula for uses the symbols n, v. 7, +, @, V. 3. We first 
give the definitions of weak and strong three-vaiued tierbrand model of a program 
wi?h negation in the fo!lowi:rg definition. 



Definition 1.8. A Herbrand interpretation i of IHT(L) is a strong (resp. weak) model 
of a set Ax of formulas of a logical language L if for each formula for of Ax, we 

have tv,(for)=True (resp.f False). If a set Ax has II slrang (resp. weak) model, 

then Ax is strongly (resp. weakly) consislent. 

Remark 1.9. The empty set is no1 necessarily a weak mnrl~l of any formula: ror 
cxamplc, 

(/Ot,.. ~,-~,,)~Y(S,,.~..X,,))-,P(.~,,.~~,X,,). 

A formula does not necessnri!y have a weak model: for example, 

((P(X ,,~~~,x,,)I\IP(x,,...,X,,))-,cl(Xt,~.~,X,,)) 

~(9(X,,...,X,,)A?9(X,,.. .,X8,)). 
In the following, we will only use the notion of strong model, to be called model, 
since it is actually the same notion as the notion of weak model for the programs 
we study. 

We then have the following intersection model property. 

Proposition 1.10. An intetxcction of’/hrce-valued Herbrand modeb oj’tr progrrlm wih 
flqcrrion Is slill o //me-vulued bJerbrflnd rnoiM o/’ 1lti.s pogrom. Co:1se9urvrll~, ,jor a 

consisrent progrccm, it$ least Herbrand model denoted by Itm(Pr) is rkr infersection of 
1111 i/s Herbrund models. 

Proof. Pr is a set of rules like lit+ for, with lil being a literal and the formula for 
using the symbols 3, V, r., v, T,+, Q. Let ii,.),,, be a fami!y of Herbrand three- 
valued models of Pt. If i =n,,E (i,), we must show that, for every ground instance, 
lit-for of any rule of Pr, tv,(lit* for) = True. The only case to check is when 
tv,(for) =True according to the truth table of +. tvi(for) = True implies tv,(for) = 
True, for each i,, by the monotony property, since the formula for uses the symbols 
3, V, A, v, ~,3, e and i c i,. As i, is a model of Pr, tv,, (lit) = True, for each i,, 

that means lit E i, for each i,, because lit is a literal and i! follows that lit E i = 
n,,, (i,), and so tv,(lit) =True, which implies that tvi(lit t for) = T‘rile. 

So the least Herbrand three-valued model of a consistent program with negation 
is the intersection of all its Herbrand models. 0 

WC oow want to characterize this least Herbrand model as L least fixpoint of an 
operator associated with a program with oegatidn. For this, we czr:y on with the 
extension of the bivalued case by extending the consequence operator of- Apt and 
Van Emden to a consequence operator for a three-valued program. Since &legation 
is allowed also in the head of the rules of a program, programs may not be consisient. 



For instance, the following Pr program does not have any three-valued model: 

P(Xl ,...,x,,)+q(x,,.. .,&!) 

lP(xl,...,&,)+q(x,, . . . . x,7) 

4x3, . . 3 x,,). 

This is why even if we allow negation in the head of the rules, programs with 
only positive rules, will play a peculiar part as in the theory of Fitting. To palliate 
the case of inconsistency of a Pr program, we add an element to the set IHT(L), 
which we call Contra in the following way. 

Definition 1.11. The set IHT”(L) denotes the set IHT(L)v{Contra) and the order 
on IHT*(L) is the order on IHT(L) extended by is Contra fo: each i element of 
IHT(L). 

We are now able to define the “consequence” operator which is associated wi.h 
a Pr program with negation. 

Definition 1.12. T,+: IHT( L) + IHT‘( L), 

T,,(i) = {lit E Her(L) 1 there is a ground instance lit + for 
of a rule of Pr such that tv,(for) = True} 

if this set does not include an atom and its negation; 

T,,(i) = Contra otherwise; 

T,,(Contra) = Contra. 

This operator provides a denotational semantics of a Pr program as the following 
theorem states. 

Theorem 1.13. (I) TPr is monotonic and has a least @point denoted by lfp( TPr). 
(2) Pr is comistent elfp( Ti+) #Contra. 1n this c(~sc: 
(a) an inferpretation i E IHT(L) is a model qf Pr(J TFr( i) c i. 
(b) Ifp( Tpr) = Itm(Pr) = n (models of Pr). 

Proof. (1) If i E IHT”‘(L), i c Contra and T,,(i) s Contra = T&Contra). Let i and 
j be two elements of IHT(L). i sj implies that tv,(for) s tv,(for) if the formula for 
uses oniy the symbols 3, V, A, v, ?,j, a, which is the case for any formula making 
the body of a rule of Pr. TPr is thus monotonic. TPr has a least fispoint because 



200 J.P. Dehhaye, K Thibau 

IHT”(6) satisfies the Birkhoff-Tarski conditions, since the empty set 0 is its bottom 
element and any totally ordered set {I,,, a E A} of IHT”(6) has a lub (lowest upper 
bound) which is Contra if there is o EA such that I,, =Contra and UncA I,, 
otherwise. 

(2) To show that Pr is consistent if Ifp( T,,J P Contra, we show that: 
(a) if io IHT(6) is such that ‘&,(i)c3 i, then i is a model of Pr, 

Let lit* for ho a ground instance of a rule of Pr. Let us show that tv,(litc for) = True, 
if ic;. lHT(6) is such that T,,,(i)c i. The only case to check is when tv,(for)=T:ce. 
As i F. IHT(6) and T,,(i) sz i, F&,(i) + Contra and lit E T,,,(i) by the definition <:r‘ T,.,. 
So lit E i and tv;(lit) = True. 

(h) If i E IHT( 6) is a model of Pr, then T,,,(i) cr i. 
We have tv,(lit*for) =tTrue, for every ground instance of such a rule of Pr. If 
litc T,%,(i), &hen there is a ground instance lit+-for of a rule of Pr such that 
tv,(for) =True. Then tvi(lit) =True and lit E i. 

(c) If in IHT(6) is a model of Pr, then Tprtn E i, for any ordinal o. 
By transfinite induction, o = 0, Tp,TO = 0. If o is a successor ordinal, Tr,( &+T(Y - 1) c 
TFr(i), by monotony of 7;,, and induction, and T,,,(i)& i according to (b). If (Y is 
a limit ordinal, T~+l.o = lub{ T,,,T& 63 < o} c i, by induction. As Ifp( T,,) = Trrto, for 
un ordinal o, lfp( ‘I&.) s i, For any i model of Pr. 

If Pr is consistent, there is i E I HT(6) such that i is a model of Pr and Ifp( Tp.) c i 
so lfp(T,+) 2” Contra. Conversely, if Ifp( T,,,) f Contra, Ifp(T,,,) E IHT(6) and 
T’t+(lfp(l~~,))~ Ifp(7;,,) so lfp(Tr,) is a model of Pr which is consistent. We have 
shown that tfp( r,,,j is a model of 1% when it is tiC:ontr:t, As we have lfp( T,,,) E i, 
for an: i model of Pr, when Pr is consistent. Ifp( T,,,) = Itm(Pr) = n (models of Pr), 
irsctnding to Proposition 1.4. 0 

Remark 1.14. We have also studied the notion of optimal model (optimal post- 
fixpoint) which provides a denotationai semantics other than the least fixpoint. Since 
the set of three-value Herbrand interpretations is not a complete lattice, we do not 
have a biggest model but only several maximal ones. The intersection of all these 
models is called the optimal model, which coincides with the biggest consistent 
model. For more details, see [24]. 

In the following proposition, we know exactly the 01 ordinal such that Tpcto = 
Ifp(T,,) in the case when Pr is a definite program having rules like litr..lit,, . . . , lit,,, 
where lit is a literal without the equality predicate and the liti ate literals. 

Proposition 1.15. (a) u Pr is a f/wee-odued definife progmm, then TPr is conrinuous. 
T,,, is nor conhurous ,ji,r every Pr. 

(b) !f Pr is a Ihree-vahed definite program, then Itm(Pr) = Ifp( Tr,) = Tr+-f~. 
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Proof. (a) Let X be a directed subset (Vx, y E X, 3s c X such that x s 2 and 1~ s z) 
of If-IT(L), where L is the language intended by Pr. 

litc Tt,,(lub(X)) o litrlit, A lit2 A ’ - . A lit,, is a ground instanr: of a rule of 
Pr such that tv ,ub(X,(lit, A Iit2 A . . A lit,,) =True (lub(X) 
is the least upper bound of X) 

($ lit+lit, n Iit2 A + . . n lit,, is a ground instance of a rule of 
Pr such that Vi --I 1,2,. . . , N, liti E lub(X) 

ti lit+ lit, n Iit2 A . 6 . A lit,, is a ground instance of a rule of 
Prsuchthat3f~XVi=1,2,...,n,litioIbecauseX 
is a directed subset of IHT(L) 

@ 31 E X such that lit+ lit, A Iit* A * . . A lit,, is a ground 
instance of a rule of Pr such that tv,(lit, A lit2 A. n 
lit,,) = True 

e 31oX such that lite T,(I) 

ti 1itE lub( T,,,(X)). 

T,,(lub(X)) = Contra (j atoc lit, A lit2 A . ’ . A lit,, and latoclit; A . . . A lit; 
there are two ground instances of a rule of Pr such 
that: Vi = I, 2,. . , n, tvlubGX,(lit,) = True and Vj = 
1,2,..., p, tvIub,x,(litJ) =True 

@ 31 E X such that ato E T,+(I) and late E T,,,(I) since 
X is directed 

@ 31 E X such that TpJ I) = Contra 

e lub( TP,(X)) = Contra. 

(b) follows immediately from (a). ??

Remark 1.16. When Pr has come quantifier and some function symbol, ‘rpr is not 
generally continuous. For instance let Pr be 

P(a)tVxQ(s) 

Q(d)+- 

O(f(x))+- O(x) 

Let 

I<,=@; I, = {Q(a)}; Iz= {Q(a), Q(.f(a))l; . ; 4, = I,,-, u~Qcf”-‘~~:~l. 
We thus have an increasing sequence of three-valued Herbrand interpretations. 



If Pr is a program without any quantifier, then it can be transformed into a definite 
p,rogram as we will see in the following, and since we will have Tpr= T+,, TPr will 
be continuous. 

If Pr is a program without any Function symbol, then every increasing sequence 
of interpretations is stationary and there is no problem of continuity. 

In the next section, we study the relations between our “consequence” operator, 
the Apt and Van Emden’s one for programs without negation, and Fitting’s operator 
for programs with only positive rules. To make this last link, we will need to introduce 
two -rotions of T-completion and +-completion. 

2. The relations between our operator, Apt and Van Emden and Fitting’s operators 

We recall here the definition of the “consequence” operator of Apt and Van 
Emden in our formalism. 

Definition 2.1. If Pr is a bivalued program without negation, having rules like 
atoc-for, where ato is an atom and for a formula using the symbols V, Zl, A, v, then 
we associate the following operator with Pr: B,,: IHE( IHB(L), defined by 

f$,(i! _ ~0s. ‘fato E her(L) 1 there is a ground instance ato + for 
of a rule of Pr such that tvi(for) = True}. 

Remark 2.2. We know that BP, is monotonic, for the order is j@pos( i) c gas(j). 

It follows that B,,, has a least fixpoint which is also the !east bivalued Herbrand 
model of Pr, since the models of Pr are exactly the post-fixpoints of B,+ and the 
least fixpoint of a monotonic operator is its least post-lixpoint (by translinite 
induction, B,+TLY E i, for every i model of Pr and every (Y ordinal). 

The fcllowing proposition makes the link between our operator and the operator 
of Apt and Van Emden when Pr is a program having rules like ato + for, where the 
formula for uses the symbols V, 3, A, v. 

Proposition 2.3 
(a) B,+ = pos-’ 0 TPr 0 pos 

(b) Ifp(B,,) =pos-‘(lfp( T,+)) = Ibm(Pr) = pas-‘(ltm(Pr)). 

Proof. (a) Use the fact that if the for;nuIa for uses the symbols V, 3, /I, v, then 
tv,(for) =. TiW i3t-< porli,(for) = 7n?e, by induction on the formula for. 

(b) Show that L&T@ =pos-‘(T,,fcu), by transfinite induction, with (a). 0 

We are now going to study the relations between our operator and Fitting’s one 
for programs having positive rules. In order to make these relations easier, we need 
the two notions of ?-completion and of +-completion of a program. To make these 
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two completions, we introduce the normal form of a program. Finally to make the 
logical link between a program and its normal form, we need to introduce the notion 
of three-valued Herbrend tautology and equivalence. 

Before that we carry on with the extension of the logical language. We can see 
that the formula S+ g and the formula -~g + 71 do not have the same truth value 
in any Herbrand interpretation; for instance if i is an interpretation such that 
tvi(j‘) = I and tvi(g)= E This is why, instead of having only one connective 
equivalence associated with --) as in the bivalued case (ti), we have two equivatence 
connectives according to the following definition. 

Definition 2.4. We define the two equivalence connective H and c + by, if f and 
g are two ground formulas: 

(i) tv,(f++g) =True iff tv,(f) = tvi(g), tv,(f*g) = False otherwise. 
(2) tvi(f+ -) g) =True iff [tvj(f) = Truewtv,(g) = True], 

tvi(f + + g) = False otherwise. 

Remark 2.5. The first formula f++g has the same truth value as the formula: 

(f’+ g) A (g *J-j A (I!- 1g) A (3 -f 3), 

in any Herbrand interpretation. In fact, the connective ++ is exactly the connective 
= of Fitting. 

The second formula .f + + g has the same truth value as the formula: 

(f+ g) A (g+fj, 

in any Herbrand interpretation. 

DeIiaition 2.6. (a) A formula f of a logical language L is a Herbrand three-valued 
tautology if it is True in any Herbrand interpretation, -which means that iv,(VJ-j = 
True for every Herbrand interpretation i. We denote the fact that f is a Herbrand 
tautology by Frnf: 

(b) Two formulas f and g of a logical language containing c) are logically 
Herbrand equivalent iff f-g is a Herbrand three-valued tautology. We denote the 
fact that f and g are !ogically Herbrand equivalent by f =rn g. 

Remark 2.7. To say that i==7Hf++g is stronger than saying that f and g have the 
same truth vahte in any Herbrsnd interpretation. l=‘rnf*g implies that f and g 
have the same truth value in any Herbrand interpretation but the converse is false 
except when f and g are closed formulas of the language. 

We could have defined these notions more generally, for every three-valued 
interpretation, for the general case, see [24]. The followi:?g examp!es, which we 
need for making the logical link between a program and its normal form, are true 
in every three-valued interpretation. 



2Ni ./. I? f~dtrftrgv, K Tl~ibrrrr 

lions where the cyuality predicate is intcrpretcd by syntactical equality. In such an 
interpretation ;md p;lrlir:~il:rrly in ;my Ebxbrand iutcrpretation, we have 

vx, *. ~Qs,,Q,v, . I ~vs,,(F(s I,...,. r,,! 

c (x, = I,~, n . I . n _q3 = f ,.,, A for,)) “-rt, 

vy, . .Q~~,,I,(~(1,.,,...,r,.,,)tfor,). (1) 
As the formulas 

,/, 27 Qx, * . . V.q,V.q * * . Q_v[, ipix, t . . . , x,,) 

4- (x, z= /,‘, n * . ’ * s,, => li,,, A l”~W,)) 

and 
,I :z V}$ ’ * * v!;, ( p( 1,J , . ‘ I,*,, 1 ‘̂  fbl”,) 

ur(: clwml, to show ( t) WLL only tl;rvc tn sirnw that J; arid /: have the same truth 
vattIc in any Herbrand interpretation (which would be more generally true in an 
interptctation where the equality predicale is interpreied by syntactical equality). 
As the formulasJ~, andh never take the truth value lndelinite (because the implication 
connective -* never takes the truth value Indefmitc), we only have to show that 
tv,(,/;)=Truc iff Iv,(&) -True. 

tv,(/;) = True iff 

VI. ..‘V! I? Vu,. . .Hu,EUNI(L)“” 
[VjE_il,..., n), t,=t,,,(u ,,..., u,,) and 
tv,(for,(u,,. .., ~,))=True 
implicstv,(p(r, ,..., r,,))=True]. 

tv,(j;) = True it1 

V~r,~**Vtr,~(: UNf(L) [tv,(for,(rr,,...,1(,~))=Truc implies 
tv,(p(f,,,(rr,,...,u,,),...,r I,,, (II ,,..,, tr,,))) 
= True]. 

It is then clear that tv,(,/;) = True iff tv,(J) = True. 0 

Proposition 2.14. IJ’ Pr is rl( ~hma-ncr!rA progrunt und Pr’ is its nonnalJorm, we have 

VPr = rcI VW. 

Proof. Easy with Proposition 2.13. 0 

We are now able to define the two kinds of Gon~pletion of a program. 

2.2. Completions o/‘nr/e.s and program.7 

Definition 2.15. Let (r, , rz, , r,,,) be a pack of rules with, in their bead, a positive 
literal built on the same predicate symbol p. The l-completion rule of the pack 



(rl,rlr.... I,,,) is the rule 

ilit + 7for 

where lit t for is the normal form of the pack (r,, r2, . . . , r,,,). 
The +-completion rule of the pack (r,, r,, . . . , ,,1 I ) is the rule: 

lit+ for 

207 

where lit+- for is the normal form of the pack (r,, r,, I . . , ,,, r ). This is not a three- 
valued rule in general. 

We do the same for the packs of negative rules by using the fact that 
““I--iato =., ,, iuo. 

Definition 2.16. The l-completion of a three-valued Pr program with only positive 
rules is the program obtained from Pr by Arst replacing,all the pzlrks of rules by 
their normal forms and adding the --r-completion of these packs and secondly by 
adding to the Pr program -~p(x , , I . . , x,,) where p is a predicate symbol of Pr without 
being in any head of its rules. We denote this new program by 

Comp(l, Pr). 

The same for the +-completion of Pr, denoted by 

Comp(+, Pr). 

Example 2.17. We give an example of -t-completion which ailows us to define the 
predicate odd (by the negation of the predicate ewe..,; _I% . 11 -1 ht : s w allow the negation 
in the programs, we could have defined it without this mechanism. Let Pr be the 
program 

rl : even(ze) 

r,: even(fo(fo(x)))+-even(x). 

The normal form of rl and rz is r: even(y) + 3x (y = ze v (y = fo(fo(x)) A even(x))). 
The l-completion of Pr is the program obtain by adding to r the rule 

7even(y) +Vx (7(y =ze) i\ (7(y = fo(fo(x))) v 7even(x))). 

We could have defined the T-even predicate without using the mechanism of 
completion by 

leven(fo(y)) t even(y.). 

Remark 2.18. If Pr is a bivalued program with the rules ato + for, with the formula 
for using the symbols V, 3, A, v, rhen we have oniy one completion because 
VComp(1, Pr) =aVComp(*, Pr), since we have TBJTA zB A3.3 f?‘sg 
means that the formu!a feg is a bivalued tautology, which means True in every 
bivalued interpretation). 



The completion of a program Pr having positive rules in the way of Fitting is the 
+-completed of the l-completed of our program. Since the formula A = B is logically 
equivafent to (A+ B) A (B+A) /\ (TA+TB! h (?B+ TA), and Fitting completes 
his program by putting the pack of rules built on the same predicate p in their heads 
in normal form. The normal form of the pack ( I~, v,, . . . , Y,) built on the predicate 
p is the rule 

P(X,,..*, x,,) = for: v . . * v for:,, 

where for; denotes the ground formula 

35’ , , . . 3.yp (x, = lf,, A * * * A x,, = I ,,,, A Or,) 

and r, is the rule ~(t,.~ ,..., ,.,, 1, )cfor,; ;=I,..., m and y, , . , y,, are the free 
variables of fori, t,,,, . . . , I,.,, and x,, . . , x,, are variables different from the y,. 

We are now able to make the relation between our “consequence” operator and 
Fitting’s operator. To mnke this relation, we first give the definition of the operator 
of Fitting in our formalism: 

Definition 2.19. The following operator introduced by Fitting [7] is defined only 
for programs with positive rules and denoted FPr. Fp,: IHT(L)+ IHT(L),issuch that: 

F,,,(i) = {ato 1 there is a ground instance ato + for 
of a rule of Pr such that tv,(for) = True} 

u [late 1 for every ground instance ato 6 for of Pr, tvi( for) = False}. 

The following proposition gives the relations between our operator and Fitting’s 
one. 

Proposition 2.20. (1) Tcom,,c7,,.r, = Fpc. 
(2) (a) A three-valued Herbrand interpretation i is a model qf Comp(1, Pr) 

if FJ i) E i. 
(b) A three-valued Herbrand interpretation i is a model of Comp(+, Comp(1, Pr)) 

ifl FP,( i) = i. 
(3) I@(&,) = ltm(Comp(+, Comp(l, Pr))) = Itm(Comp(1, Pr)). 

Proof. (i) TcOnlp ,_,, Pr,= &. We first show that if Pr’ b the normal form oj Pr, rhen 
we have TP,= TP,,. Let Pr be a three-valued program. If Pr’ is its normal form, then 
VPr sTH VPr’ (iroposition 2.14). Let (cyj, .,~,,)EUNI(L)” such that 
lit(cu,, . . , a,)~ T&i). Then there is (t,, . . , I,)EUNI(L)P such that 

lit(m,, . . , tx,,)+fa~r~(f ,,..., t,) 
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is a ground instance of Pr with tv,(for,(t,, ,t,,)) = True. This ground instance 
comes from a rule of Pr like 

Iit(r,,(y,, . . . ,Y,), . . . , r;..(y,,. ..y~))+for,(y,,. ..,yr) 

with oj = f,,(t,, . . . , t,,). 

so 

Ii@, , . . . , x,,)+V (3Y, . . ’ 3y,(x,=t,,,(y,,...,y,) 

A’ . . Ax*! = f,,,(Y,*. . . , Yp)hfOrz(Y,, . . . ,Y,))) 

is a rule of Pr’, normal form of Pr and there is a ground instance of this rule 

lit(cu,,..., o,)+VEIy,... Jy,,(o, = r,,(y,, . , 7 Yp) 

~~..A~~=~,(Y~, . . . . ~,)~for~(~, ,..., Y,))) 

such that 

tv,@y,. . .3y,(ol,=t,,(y,,...,y,) 

A’ . . A o. = ri~.(Y,, . . . , y,)~forAy,, . . . ,~,,)))=True 

since there is (r,, . . , tp) E UNI(L)p such that o, = r,.,(t,, . . , t,,) and 
tv,(for,(r,, . . . , t,)) = True. So lit( o, , . . , a,,) E Tp,.( i). 

In the same way, lit(cu,, . ., (Y,,)E T&i) implies that Iit(o ,,.. .,o,)E Tpr(i). 

lit(cu,, , a.)s T&i) G lit(o,,.. ., o.)E T&i). (*) 

So T,,(i) = T,,(i), since the case T&i) = Contra comes from (*). So T,,,= Tpr,. 
Secondly, we prove that Tcomp(7.Pr, (i) i Contra if i E IHT(L). (That comes from 

the fact that there is only one rule with a given predicate symbol in its head in the 
program Comp(-, Pr)). Comp(l, Pr) is obtained by adding to the rules of the 
normal form of Pr like 

ato(x,, ..,x”)+v(3Y,’ 1 ’ 3y,(x, = r,,, A . . AX,, = f,., A for,)) 

the rules 

7ato(x,, . . ..x.)cT V(3y,...3y,(x,=f,,,/\...nx,=ti..nfori)) . 
L ) 

If there is (or,. , ~,,)EUNI(L)” such that ato(cu,, ., U,)E 7&,,,c7,hj(i) and 
?ato(cr,, . , q,) E TC,,p~,,r,,~i), then, if 

for’=V (3y, . . 3J$(o, = fi,,h. . .,‘i Ly, = ft.,, ,,fOr,)), 

we both have tvi(for’) = True and False which is impossible. 
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For the liter& ~p(x,, . . . , x,) where p is a predicate symbol of Pr without being 
in any head of its rules, we cannot have both a ground instance of p(x,, . . . , x,,) 
and its negation in Tc~,,,,,~~,P~) (i) since p does not appear in the head of a rule of Pr. 

Finally, we are now able to prove that Tc~~,,,(~.P~)(~) = FP~(~). 
T cO,l,,,f ,+,(i) = {lit E Her(L) 1 there is a ground instance lit + for of Comp(l, Pr) 

such that tv,(for) = True} if this set does not contain an atom and its negation, 

Tciq~ -i~sc, (i) -Contra otherwise. 
&(i) = {a!,~ E her(L) 1 there is a ground instance ato + for of Pr such that tv,(for) = 

Trtte}~(--iatoo her(L)lfor each ground instance ator for of Pr, tv,(for) = False} = 
Tp,(i) LI {-uto E -Iher( I,) 1 for ca& groutrd instance ato c for of I%, tv,(for) = False} 
because Pr has only positive rules. Let Iite T,.,,,,,,, ,,,,,,(i). Either lit =ato and Iit~ 
T,,,.(i) = T,,,(i), so lito F;,,(i); or lit= -iato(Lu,, . . . , a,,) E ~.Omp,_,Pr~(i). 
?? Either for some (n,,. . ., ~,,)EIJNI(L)” and some ground instance of 

Compj-i, Pr): 

-7ato( o,, . . . , a,,) c--Ifor’ 

such that tv,(for’) = False, with for’= V, (3y, . . 3y,,((~, = ti.,(y,, . . . , y,,) A. . . A 
u,,==ti,,,(yl,. ..,y,j)nfori(y, ,..,, y,,))). So Vi=1 ,..., m and V(u ,,..., U~)E 
UNI(L)“, if oj = t,.,(ui, . , up), for everyj = 1,. . . , n, then tv,(for,( u,, . , a,,)) = 
false. Let ato(cy,, . , a,,) be the head of a ground instance of a rule of Pr; it 
comes from 

ato(t,.,f~,,. . . ,.v,J,. . , r,.,,h,. ..,h))+forh+,. ,.vJ. 
Let(n,,.,. , t~,~) E IJNI( f.)” be such that rg,,( u, , . , u,,) = a,, for every j = 1, , n. 
Then tv,(for,(u,,..., u,,))=False, since tv,(for’) = False; so lit = 
-~ato(rr,, II *,,)c F,,,(i). 

* Or --~ato(n,, . . , LY,,) c: Tc,,,,p, ,,lBrL (i), hecause uto is a predicate symbol of Pr 
without being in any head of its E.&Z. Then ~ato(~~~, . = a.,)~ 
{--rata E: .--lher( L) 1 for each grotmd instance ato t for of Pr, tv,(for) = False} since 
there is no ground instance ato t for of Pt, and lato(nt , . . . , a.) E Fpr(i). 

Conversely, if lit < I;;,,(i), then either lit E T,,,(i) = T,,,.(i) c Tcom,,,& i), or !it = 
.--5ato(a,,..., o.) for some (o, , . , an) E UNI(L)“; then for every ground instance 

ato(k,(u,, . . . , up),. . , b,(u~, .., ~,))+-fori(u,, , u,,) 
suchihar Q,(u, ,..., ~,,)=~~,foreveryJ-l,..., n,wehave tv,(for,(u ,,..., a,))= 
False; so tv,(V, (3Y, . . .3Y,(a,=t,.,(Y,,...,Y,,)A’..na,,=li.”(Y,,...,Y,)II 
for,(y, , . . . , y,,)))) = False and lato(a,, . , a,,)~ Tc.O,,l,,p,,(i). If ato is not in any 
head of a rule of Pr, then lato(x,, , . . , x,,) E Comp(1, Pr) and every ground instance 
of iato(x, , . . , x,) belongs to {late E lher( L) 1 for each ground instance ato t for 
of Pr, tv,(for) = False} G &_(i) and to TComp~_,Pr~(i). 

We then get the result (Za) by Theorem l.l3(2a), because io SIT(L) is a model 
of Pr iff T,,(i) c i. As TC.omp~-,,Pr, = F,+, we have that a three-valued Herbran; 
interpretation i is a model of Comp(-1, Pr)e T,-,,,,,.,,,,,,(i) c ieF,,(i)c i. 



Result (2b) may be proved in two ways: 
?? The first way using Fitting’s argument saying that i is a model of Pr (which means 

a model of its completion) iff i is a Iixpoint of FPr and using that the Fitting’s 
completion of a Pr program is the +-completion of the l-completion of a program 
in our way, we then obtain that a three-valued Herbrand interpretation i is a 
model of Comp(+, Comp(1, Pr))e&(i) = i. 

?? The second way will be seen as a result of the following Proposition 2.21. 
(3) Ifp(F,,,) = Itm(Comp(+, Comp(1, Pr))) is a consequence of (2b). Ifp(F,,) = 

Itm(Comp(i, Pr)) is a consequence of (2a) and of the fact that Fpr_tcz c i for each 
model i of Comp(1, Pr) for each ordinal 01, by transfinite induction. 0 

We end this section by a proposition which enables us to prove the result (2a) 
of the previous proposition. 

Proposition 2.21. If Pr is consistent, fhen Comp(+, Pr) is consisrent and we have 
(1) An interpretation i E IHT(L) b a thmvclued model of Comp(+, Pr)e 

T+(i) = i. 
(2) Itm(Pr) = Itm(Comp(+, Pr)) = Ifp( T&). 

Proof. We first rema:k that (2) is partly a consequence of (1): Itm(Comp(+, Pr)= 
Ifp( Tpr) and secondly a consequence of Theorem 1.13: Ifp( Tpc) = Itm(Pr). We also 
remark that (2b) of Proposition 2.20 may be proved with (1) of this proposition: 

6,(i) = i e Tcompcl ~~1 . (i) = i (Proposition 2.20(l)) 

e i is a model of Comp(-t, Comp(1, Pr)) 

(by (1) of the Proposition 2.21). 

We just have to show (1): 

i F+ Coctra and T&i) = i @ i is a model of Comp(+, Pr). 

That will also prove that if Pr is consistent, then Comp(+, Pr) is also consistent 
since if Pr is consistent then ifp( Tpr) # Contra accoroing to Proposition I .4 and 
Ifp( Tpc) is then also a model of Comp(+, Pr) too. 

(i) T&i) = i-i is a model of Comp(+, Pr). Let r be a rule of Comp(+, Pr). 
* Either r is like 

lit + for 

and r is a rule of Pr’, the normal form of Pr. Since T&i)= Tpr.(i), T&i)c i; 
hence i is a model of Pr’ ar d fir.al!y tv,(litt for) = True. 

o Or r is like 

lit + for. 

We have to show that tv;(Iit+ for) = True for every ground instance of r; r is like 

IiNx,, . . 1 &)-‘V ($4 . . 3Yp(X, = C.lO~l,~~~ > Y&A 

‘1 . . 4 x., = t ,.,, (p, , . . . , ypf,) A for,(r,, . . , ,;)I). 



If(1,,..., l,,) E UNI(L)” then 

IiQf,,..., f.)+VeY,.. .3Y,(I,=t,,liYl,...,y,,) 

A’ . ‘At”= f,,,(Y,, . . . .Yp)n forAYI,. . . ,Yp))) 

is a ground instance of r. The only case to check is when tv,(lit(r,, . . . , t,)) =True. 
Since ic Tpr(i) = T,,,.(i), tvi(lit(l,, . . . , f,,)) = True implies that lit(r,, . . . , I,,) E T&i). 
So there is a ground inswnce: 

lit(t,,..., t,,)‘-v (SJ’, . . . 3Y,A4 = f,.,(JQ,. . . ,Y,>) 

A’ I * A I,, = k.(yl, ~ . . , Y,,) A I‘ori(yl,. . . , Y,)))) 

of a rule of Pr’ such that tv,(for’) = True with 

for’ = v (3J$ . . * 3Y,>(f, = kl(Yl,... .Y,r) 

A’ * ‘A I,, = MY,, . . . ,YJA forh,~~~ ,YJ)). 

So tvi(lit(t,, . , _, t,,)+ For’) =True. 
(ii) Conversely if i is a model of Comp( +, Pr), then i # Contra and Tpr( i) = i. 

If i is a model of Comp(+, Pr) then i is a model of Pr’ if Pr’ is the normal form of 
Pr and a model of Pr since VPr -.rH VPr’. So T,,(i) c i and i # Contra. Besides that, 
tv,(lit+for’) =True for every ground instance lit+for of a rule of Comp(+, Pr). 
So if lit E i, tv&r’) = True and lit E T,,,.(i) = T,,,(i) since there is a ground instance: 

lit+ for’ 

of Pr’ such that tvi(for’) = True and Tpc,( i) # Contra. So i E T,,(i). 

lr Pr is consistent, lfp( &,,) 7i Contra is a model of Comp(-r, Pr) which is consistent 
too 0 

In the next section, we study the operational semantics of a program: we show 
how to get a three-valued interpreter from a bivalued one. 

3. Interpreters 

The meaning of a program is given by its least model. We now search for algorithms 
that compute that smallest model or give informations on it. 

We thus define three kinds of interpreters: 
?? the ground answer interpreters: which answer if a ground atom (resp. literalj 

belongs to Ibm(Pr) (resp. ltm(Prj); 
0 the open answer interpreters: which answer, for a given atom (resp. literal) with 

variables, ato(x,. . ,.x,), (resp. lit(x,, . . , x,,)), a sequence of substitutions 
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(A,&,..., such that all the ground instances of &(ato(x,, . . ,x,,j) (resp. 
8i(lit(x,,. . . , x”))) are exactly the ground instances of ato(x,, . .-,x0) (resp. 
lit(x,, . . . , x,)) which are in Ihm(Pr) (resp. hm(Pr)); 
the saturating interpreters: which give a finite representation of Ibm(Pr) (resp. 
Itm(Pr)). 

Remark 3.1. It is easy to transform a three-valued interpreter for a bivalued program 
into a bivalued interpreter for this program since Ibm(Pr) = pas-‘(ltm(Pr)) (Proposi- 
tion 2.3). 

Remark 3.2. It is interesting to see how to get a three-valued interpreter from a 
bivalued one. We first transform a three-valued program into a bivalued one with 
the following transformations: 

Let Pr be a threeSvalued program on a first order logical language L. u(L) is the 
first order logical language obtained from L by adding to it, not-t: for each predicate 
symbol P of L. Let o(Pr) be the bivalued program on o(L) obtained from Pr with 
the following transformations: 

(1) We remove @ and + by using 

AJB sTH (TA v E), 

A@ByH (A/\ Ll)v(-tAn~B). 

(2) We put the connective 7 just before the atoms by using 

T(A v B) 5 TH (TA A +3), 

-I(A I\ B) y,, (TA v TB), 

+VxA(x)) sTH 3x (lA(x)), 

33xA(x)) =TH vx (lA(x)), 

T-IA y,, A. 

(3) We replace all the late by not-ato. 

Definition 3.3. If i E IHT(L), then o(i) = pas(i) v {not-p(t,, , t,,) /~p(l,, . . , f,,) E 
i}. The interpretation u(i) belongs to IHT(cr(L)). v is a bijection between IHT(L) 
and pos(IHB(cr(L)). 

We can get a three-valued interpreter from a bivalued one with the following 
theorem: 

Theorem 3.4. If Pr is a consistent three-valued program, then 

Itm(Pr) = a-‘(pos(lbm(u(Pr)))). 

Proof. We show by a transfinite induction that C( TpCT~) = pos(B,,,,,T~) for every 
(Y ordinal. As ltm(Pr) = T~JLY and Ibm(u(Pr)) = B,Cpr,T/3, we have the result by 



taking the greatest ordinal. We show that, 

Vis IHT(L), o(Trr(i)) = (peso &,~~o pos-‘)(rr(i)). (*) 

We use the fact that L&t+, = pas-’ 0 Tm,pr, 0 pos since o(Pr) is a bivalued program, 
according to Proposition 2.3. So we have to show that o(T,,(i)) = T,,,,,(a(i)). 

U( T,,,.( i)) = pos( T,,,(i)) u {not-p(r,, . . I t,,) such that lp(t,, . . . , r,,) E T,,(i)}. 
‘I;,,Pr,(cr(i))={atoEfl (L) /there is a ground instance ato+ for of o(Pr) such that 
tv,,,i,(for) = True}. If lit E v( T,,,.(i)), either lit = ato with ato E T,,,(i) or lit = not-ato 
with -iaton T,,(i) and I-‘” have the result because tv ,,,,,(u(for)) =True@tvJfor) = 
True. We then have o( Trrrtn) = pos(&,,.,, to) for every ordinal LY, by transtinite 
induction: n := 0, ‘r,,,tO =B = pos(t4). 

If a is a suc;ccsor ordinal, then 

o( Gr( TPr-To - 1)) 

= (pose B,,,,,,n pas-‘)(a(T,,~ol- 1)) (according to (:I:)) 

= (pose &I,,, 0 pas-‘)(pos(&,,p,,to - 1)) by induction 

=pos(U,,,,>,.,fcr). 

If LY is a limit ordinal, then 

~(T,,~aO=a(lub{Tp~fp,P<~~}) 

= u(lub{pos(B,,,p~rtp), p <a}) by induction; 

we have lub{pos(i), in I)=pos(lub{i, ic I}); so (r( Trrt~) = pos(B,,,,,,fol). 
So v(ltm(Pr)I = pos(lbm(cr(Pr))) and ItmjPr) = K’(pos(!bm(a(Pr)))). 0 

Example 3.5. Let Pr be the following program where A, B, C, D arc ground atoms: 

A 

--is c 

C4-A 

7 D t.. -, B, C 

E +- c, 7D. 

Then cr(Pr) is 

A 

not-B +I- 

CtA 

not-l) +-not-B, C 

E * C, not-4 

Ibm(4Pr)) = {A, not-B, C, not-Q E, lnot-A, Tnot-C, lnot-E, ~5,~0]. 

pos(lbm(cr(Pr))) ={A, not-5, C, not-D, El, 

a-‘(pos(lbm(o(Pr))))={A, 75, C,lD, E)=ltm(Pr). 
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By purely syntactical operations on interpretations and programs, every bivalued 
interpreter may be transformed into a three-valued one. This has been done for 
Prolog interpreters [6] and is actually a classical method used for expert systems 
working in forward chaining. 
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