Signorini’s contact model for deformable objects
In haptic simulations

Christian Duriez, Claude Andriot
CEA LIST

Abderrahmane Kheddar
AIST/ISI-CNRS

SCRI Joint Japanese-French Robotics Laboratory (JRL)

Fontenay-aux-Roses, France
christian.duriez@cea.fr

Abstract— In this paper we consider deformable objects in
haptic simulations. The physical simulation that drives haptic
perception requires a good dynamic behavior. The inputs of
the deformable model come from the treatment of the colli-
sion. We propose to focus on the contact restitution between
deformable objects to guarantee physical and perceptual
realisms’ of the haptic feedback. Signorini, in 1933, proposed
a physical model of contact for deformable objects interacting
with rigid static bodies [11]. This paper shows that the
Signorini's model extents to contacts between two deformable
objects using Gauss-Seidel resolution of complementarity
problems. An interactive resolution of the overall formulation
is presented and experienced on deformable objects using the
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motion dynamic formulation solves for the contacts
appearing between steps ([1], [12]).

Contact modeling unilateral contacts and induced
impacts and frictions phenomenon lead to a class
of mechanical problems known a®n-smooth me-
chanics This is called so because of the veloci-
ties discontinuities and the unilateral contact space.
Consequently, contact’ and friction’ laws are often
regularized. When contact forces are relates to virtual-
penetrations’ depth measures (PDM), that can be
a volume [9] or a distance [6], collision response

finite linear-elements method. and dynamics are called penalty-based methods. On

the contrary, constraints-based methods formulate the
constraints (also the unilateral ones) explicitly in the

Physically based simulations are supposed to be some- dynamic equations. This makes them more suited to
how based on measured thSiCS, laws. When simulations non-smooth mechanics’ simulations.

are interactive,.th@hySical realismusua”y tUrn.S out to « Collision inputs The contact response is 0bvi0u5|y
be a compromise between real-time constraints and the related to the collision detection technique. Collision

fldellty of the simulation results. HaptIC feedback revdale time or Configuration of first impact can be estimated
the need of simulations able to achieve hundreds hertz [10] with continuous methods. Some a|gorithms use
of frequency rates. To satisfy such rates, the simula- also geometrical distance (proximity algorithms) or
tion’s physical fidelity and precision are relaxed. Haptic g penetration depth (discrete collision detection) be-
feedback and physically based animation require contact tween objects. Other ones use penetration volume.
determination, contact topology and other physical pap, this presented work, we are using strict formulation
rameters. Contact topology is linked to the contact spacg; the Signorini's problem to deal with contact between
characterization that is based on discrete geometry anflormaple objects. The formulation is made to be indepen-
other physical parameters. Geometric characterization @fent from the collision detection technique in order to be
the contact is based on its discrete representation; hengg generic as possible. Normally, only two data are needed
it can be complex if object's geometry and the contacyr the resolution of the proposed formulation:
configuration is complex. This is unfortunately the case in
industry virtual prototyping since the objects geometry ca

not be simplified excessively. Physical simulation hasehre . .
main issugs dynamic berilavio?/ collision detection ané\levertheless, additional data that could be obtained from a

response. Each issue can be more or less time consumi %ntmuous collision detection algorithm can be expldited

according to many parameters (application context, adiopt r experiments, we use a proximily distance algorithm.

methodology, etc.). This work focuses on contact respons _he proposed mation/deformation integration method uses

Some of various existing methods are discussed in th%ume—steppmgech_nlque..Indeed,smce deformable objects
L ) are made of a relatively high number of meshes, the contact
following items: , . . . .
T ) L id b dri h configuration between deformable objects induces an im-
¢ r:me |ﬂj[e_grat|on IS sal to Eev_ent rvenw ehn ortant number of geometrical features (in our application
L € cok|IS|onhev$nts trigger the mte;g].ratlonh SCNeM&ye experienced up to 50 instantaneous contacts within one
y seeking the first contact's time. This technique s,y ‘\oreover, the contact topology and configuration are

often used to prevent object’s inter-penetration (Se'\?er dynamic. Consequently it is difficult to find a mappin
[31, [7]), [10]. Other approaches use constant time step yey ' q y pping

integration and are calletime-stepping method3he

|. INTRODUCTION

1) the direction and,
2) the spots of the contacts.

1For instance, the geometric configuration at the impact time.



from the contact space to an equivalent reduced sub-spagkan efficient contact topology algorittmwhich is able

(as is the case with rigid bodies). to delimit, characterize, and return part of object’s stefa

(6€2), named¢, where the deformable object otentially

in contact. In fact more than simple collision detection is
Signorini described the contact between a deformableeeded. We experienced that the resolution of the contact

object in a rigid environment. This formulation is extendedat one collision spot may create news contacts (at the

to solve contacts between deformable bodies. neighborhood) or even new spots. This is why a proximity

h detection method is more suitable.
A. Theory With the Signorini’s formulation, the conditions of contac

Let us consider the deformation of an elastic body irgre obtained, for every point of the surfagvP € ¢):
contact with a rigid surface The deformations are due
0<6,(P)Lo,(P)>0

to elementary volume forcedf, (like its actual weight (7)

df, = 0-g), and to elementary surface forcg§ that give, at(P) =0

by integration, the contacts forces on contact poifits  whered,, represents the minimal distance function between
The reference configuration of the objectﬂsc R? and every pointP of £ and its near Surrounding_

the displacement of every poitt from this configuration |n the Signorini's formulation, for every poir®® of £, two
to the deformed configuration will be given by the functionstates may be distinguished:

3
u(P) : Q@ — R”. Inside the field?, we have: . either, the pointP is actually a contact point, then
div(o) + df, = 0 (1) 0,(P)=0ando,(P) >0 or,
« the pointP is not yet a contact point, thef, (P) > 0
whereg is the inside stress of the object. Here, we consider  and on(P) = 0.
that the objects are perfectly elastic and isotropic. Ttugs,
can use the Hooke’s law: B. Finite element method

Il. SIGNORINI'S PROBLEM

@) Virtual objects deformation is computed using the well
known finite element method. A brief recall of the method

with ¢ being the strain tensop: and \ are the Lard is proposed. The first step is to use a variational formufatio

coefficient that are directly linked to the Young modulusof the continuum mechanics’ equations. Lt: R® —

E and to the Poisson coefficient of the material.I; IR™ be the test function.

is the 3 x 3 identity matrix. The constraint is related to

displacements thanks to a tensorial relation. We are using
F—O@/// (div(o) + F,)00Q =0, V¥

the well known Green-Lagrange tensor: div(o)
€ij = 3 + + - X (3) The Green-Ostrogradski theorem allows rewriting the
2 (53;‘]‘ (5.’1,‘1‘ 2 (5.’L’j (le . .
precedent equation separating the volume from the edge.
with 1 < ,j < 3. In the case of small displacements, theThat is:
second part of the tensor can be neglected.
On the surfacefQ) of the object, the stress ten$anust
be equilibrated with the contact forces to keep contlnung//// V- div(o)0Q = /// o-grad(¥ 8Q+// 0535
at the limits. These contact forces are an integration @ @
elementary surface forcel; that exert on the elementary For now, we have only equivalences with the prowso
surfacesds along the normah, that is: of checking the condition¥0”. The Galerkine method
dfs = —g-n-ds = —o, - ds (4) proposes to verify the conditions only wit.h some well
- = - chosen ¥”. In this method, the chosen functions are those
Two types of surface stress are then distinguished, thehich are used for elements interpolation.
normal stress, projected on the normal space: In the finite elements method, the position of a point
inside an element depends on the position of the nodes
and on the interpolation functions. In our case, we found
The normal stress is an unknown of the Signorini's probSome interest in using linear interpolation functions gsin

lem. The shearing stress is the second type of surface:stretgrahedrons with four nodes. Although not very precise,
when combined with the contact model, they allow the use

gs =01 (6)  of surface forces without an explicit integration on comntac
dsurface (which will be developed in the following section).

a = 2us + Atr(g)lq

%-ﬂ:gn (5)

In this study, only frictionless contacts are considere
so the shearing stress is null. We suppose the existenge cqoniact problem with linear elements

2For the notations, noted siz&s indicate the tensors and noted sizes  The Signorini’s problem formulation in the context of

v, indicate the vectors - the continuum mechanics enables to model the contact.
30 being the mass volume density apdhe gravity

4@ is homogeneous to a pressure 5May be part of the collision detection.



The FEM uses a variational formulation to integrate thelfhus, in this simple case, the Signorini’s problem is
equations from continuum formulation. We also use the fidiscretized by the force and displacement unknowns in
nite element discretization to solve the Signorini’'s pesbl the middle of the element, using the same interpolation
in a fast manner. function than inside the element.

1) 2D exampleFirst, we prove that with linear elements  2) 3D generalization: The simple 2D example is gen-
in IR?, the contact forces can be integrated easily along theralized here with two deformable objecds and O,. We

objects surface (see the figure 1). suppose that the CD algorithm (or the proximity detection)
returnsm contact’ pairs. For every contaéte [1,m], a
/ Yo, - 0x (10)  contact normal is also provided. Every contact connects a
l

point P of the objectO, surface to a poing) of the object
O, surface.

Initially, it is assumed that these points are in the middle
of contact surfaces like Gauss’ points. We will see in

_ the following section how to keep correct results if the
: ' CD algorithm falls to localize the “medium” of contact
: /////%//%//%//%/% X * surfaces.
li /2 12

Ji
Sz
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Fig. 1. Contact forces interpolation along the surface ofCalipear
element.

At the beginning of the contact forces computing pro-
cess, we do not know both the external forces applied
to the deformable object, and the final displacements of

the nodesA and B. Hence, f4, fg, U4 andUg are the Fig. 2. Contact forces interpolation in 3D.

unknowns of the system after discretization by the FEM

(see the figure 1). However, we know that: Each contact point provided by the CD is interpolated
within the nodes of the element it belongs to. The points

Uy 0,0 = — ) : )
Jy¥aondu _ fa (11)  are necessarily on the surface of the objects, in other words
[, ¥po,0x = —fp

on a triangle. Let the triangled, B1C,) (see the figure 2)
Moreover, with linear elements;,, is constant inside the be the support for the poir®:

element. The previous equations may be rewritten as:
Up =Wa,(P)Ua, + VB, (P)Up, + V¢, (P)Uc, (16)
[,V 40,05 = 0y, [} W20z 12
U0, = 0, |, U o (12)  In the same way, fofA;B,C5) and Q:
It is known, using the Gauss points’ integration method, U@ = ¥4,(Q)Ua, + ¥5,(Q)Us, + Ve, (@)Uc, (17)

that the value of the integraf, ¥ 40z with the linear  ag the interpolation functions are linear inside the ele-
function W, can be evaluated exactly with a single valugnents, one can use the barycenter of the contact's surface

in the middle of the interval: like a Gauss’ point.
l
2 lo+1
/\I/AE);U = / (aota12)0x = (Ia—1y) (ao + a1 2+ 1> fp=—onS
l l 2 13 fAl = fP\IIAl (P) (18)
o (13) fr, = fP¥s,(P)
Thus, with linear elements, the value of the surface forces foo = fplc, (P)
is completely defined only with the forc exerted at the o ! !
point Iy /5 And, similarly:
fa=—0nl¥a(ly)2) (14) fa, = fQVa,(Q) (19)
fB = 70’nl\IjB(l1/2) f32 = fQ\I/B2 (Q)
But the forces are not the only unknowns of the Signorini's fo: = [Q¥e,(Q)
problem. The displacement must be also taken into acs is the contact’s surface. With two deformable objects,
count; there is necessarily an arbitrary choice for the directibn o

Ue =V A(l/2)Ua +Y5(l12)Us (15) the unknown force. We take the directianfor which fp



is positive. It corresponds to the force that the obj@gt contact forcesF' on these nodes. Furthermore, positions
exerts onO; . obtained from free motio®’; appear in the expression.

fr=—fq=1/re (20) Pe=ColF' + Py

In the contact space, the forcg is scalar. It will be \ore details can be found in [5]. This system is condensed
projected on the contact normal. By processing the produgl, tne only nodes involved by the contact. Finally, the
of the scalar by the normal, the external force applied OBxpected linear relation is written in the form:
the FEM appears as:
§ = ([Hp]Co,[Hp|" +[Hq]Co,[Ha]") x Fo + 65 (27)
Fa, = fan, Fp, = fp,n, Fo, = fe,n (21) _ _ _
Fa, = fasn, Fp, = f,n, Fo, = fe,n If more than two objects are in contact at the same time

step, we have to use a formulation by contact groups. All
To linearize the problem, we freeze each contact’s diractiothe mapping matricegl; of contact: are stacked into a
during the current time step. The Signorini's problem willglobal matrix #, and each object compliance matrixC;;
be solved by considering both gamnd forcef. as scalars. are stacked into a global matré. Then, for every contact
group, this formulation leads to the following LCP:

d=n-QP (22)
T Fe>0
Displacementd/p and Uy are considered between the §=(HCHT)Fo +6; >0 (28)
free motion (collision and the contact forces are not taken FoL§

into account) and the constrained motion (after resolution . R
of the Signorini’s problem and the integration of the cohtac - RESOLUTION AND DISCUSSION
forces), hence: A. Gauss-Seidel local resolution

With linear elements, only one point of contact allows
23) integrating t_hg pressure force on the surface. Howeyer, we
5= nT(Up — Uo) + 65 notice that it is advan_tageous to solve w!th the maximum
number of contact points. Indeed, by taking again our 2D
dr is the free distance between objects when no contaekample and the equation 14:

n:[nx Ny nz}

force are integrated:
] ) /\IlAax:l\I/A(h)-f—\IJA(lz) Zl\IfAll+12
Ua, ! 2 2
Up = [ Ua,(P) ¥ (P) Ve, (P) ] U, If the contact is solved using andl, as points of Gauss
| U | for integrating the contact pressure, the solution of the
U Signorini’s problem will be given by:
Az
UQ = [ \IjAz (Q) \Isz(Q) \I/Cz(Q) } UBz @ — fC
Ue,

By stacking all these relations for each contact, one can
write mapping matricesHp and Hg, from the contact

space to the motion space: 4 % B 2, % | B

.

6 = [Hp][U1] = [HQ][Us] + ¢ (24)

U, and U, are displacements of the nodes involved in
the contact. In the same way, by stacking all the forces 4

relations (equations 18, 19 and 21), we have: l
A
(1] = [Hp]" Fo (25) £
[Fy] = —[Hol" Fe (26)  Fig. 3. 1D contact with one or two points for surface forceleation.

Fy and F;, are the external forces applied on mesh’s nodes If more than two points are used, the solution is not

O, and O, respectively. unique. Indeed several forces’ solutions integrate the con
To use a LCP solver, we need to build a linear relationsact pressure correctly. In this case, the mafidK H™'s

linking the contact forces to the positions in the contactank is not equal ton. Some LCP solvers use the matrix’

space. Different FEM deformation models have been prdull rank property to accelerate the process [8].

posed in computer haptics. However to our best knowledge, In order to be able to distribute the maximum of collision

it is always possible to find a constant matfiy, at the tests between the elements, we use an algorithm close

beginning of the time step, having linear relation betweemo the Gauss-Seidel method for contacts resolution. This

constrained positions of mesh’s nodBsand the external algorithm is very easy to implement and robust to converge



toward a solution even if several solutions are possible.
The convergence is proved in [2]. The algorithm principle
is to visit every contact, considering that the state of all
the others is “frozen”. We can observe in equation 29 that
if we “freeze” contact contribution foj # i this equation
expresses a linear relation betwegrand f;.

5 = 6" + (HCHT)yifi + X2:(HCH )i f;  (29)

Fig. 4. Surface collision mesh interpolated in a FEM mesh.

If the present contact respects the Signorini's problem, « contact interpolation on a contact triangle;
the force f; is imposed to be zero, otherwise the force « interpolation of each triangle’s vertex on the thetra

imposes &; equal to zero. element to which its belongs.
We noticed that this technique provides a solution for
Input: 6y, HCH smoothing the meshes. To make honest physics deforma-
Output: 4, force tions it is necessary to keep a significant number of degrees
repeat of freedom (dof) on the FEM mesh. As we adopted linear
foreach contact i in the listdo elements, the stress is constant along the surface. The
displacement] = 0 . topology of the contact will not be taken into account if
foreach contact j except do _ there is a lack of dof (see the figure 5).
| displacemerii]+ = HCH][i, j] x forcej]
0[] = dreelt] + displacemerii] P
if (J[s] > 0) then i ; 4 & %
| forcei] =0 ST22221 D
else — -~
| forcefi] = —4[¢i]/HCH]3, ] / 2
- S S
until fixed number of iterations reached Js Sy

The algorithm processing must keep the same ordering
the contacts’ list. Nevertheless, if the same contact is put
twice in the list, the algorithm will eventually put a forca o Fig. 5. Equivalent contact force pressure with linear elemen
the first. But the second will always respect the Signorini’s
problem with no added force. From experimental Baita However, this may become a drawback if the considered
appears that with seventy contacts and a hundred loopslements are somehow large.
convergence is reached in less than 1ms. Whereas the time ) )
spent to build the LCP is longer (about 5ms). C. Unfolding of a time step
) ) ) In this section, the different stages of the computation

B. Multi-resolution of contact and deformation meshes 4re described. If non linear finite elements are used with

The presented model uses linear element interpolatican implicit integration, it is necessary to find the tangent
functions to map the contact space to the motion one. W@ the deformation at the beginning of every time step.
showed that contact points can be considered as Gauds’ practice, it is difficult to do this process in real time
points to easily integrate, on mesh nodes, contact pressurexcept for a reduce number of nodes. With an explicit
into external forces. We proposed an algorithm of LCHntegration, this is not necessary because the stress is
resolution that manages a&uper-abundanceof contact calculated at the previous time step (see [5] for a more
points on the same element. However, our resolution igetailed discussion).
dependent on the contacts’ normal provided by the C
algorithm. In our application context, coarse meshes fgr foreach time stept do
FEM deformable models are often used to reach rea| if non-linear deformatiorthen
time constraints. This leads to non-regular contact sarfag | computeK (U;—1)
between objects, and perturbs the haptic feedback. We | Free-Motion()
manage a collision detection specific surface mesh that has | Collision-Detection()
more triangles than the FEM mesh. LCP-Construction()

Then, the interpolation of eactollision mesh vertex Gauss-Seidel()
is computed off-line within its correspondiffEM mesls Constrained-Motion()
element. This computation process saves considerable time
in building the LCP. The building of the mapping matrices!f @ haptic device is connected to a virtual deformable ob-
H (from the contact to the deformation spaces) should alg§ct; the free motion will integrate the applied forces by th

take into account successive interpolations, that is: user through the device. Other forces (like gravity) are als
integrated. The collision detection gives contact normals

50n a PIV at 2.6GHz with S500RAM. and geometric configurations. Then, mapping matrifles
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Fig. 6. Screen snapshots of two colliding spheres of simtiéfnsss.

are computed and/CH” for every contact group; this

is the most time consuming process after the collision
detection one. Finally, the Gauss-Seidel algorithm solves
for the Signorini’s problem, and the contact forces are
integrated to find constrained motion.

IV. RESULTS

The proposed method has been implemented uSing
The \ﬁrtl_José device has been used to interactively manip- gig g A deformable ball interacting with a deformable cyéind
ulate objects and display interaction forces (figure 7).

The algorithm is an extension of the Signorini’s theory on
rigid/deformable contacts. The formulation of the defor-
mation is based on linear FEM. Interactive manipulations
with force feedback have been experienced.

Future work deals in including static and dynamic fric-
tion with more complex objects given from actual industry
virtual prototyping scenarios. At this writing time we
succeeded. We are investigating using nonlinear elements.
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