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YZX�a1R l R8f�a�YZX�^ªcd[ZYZ^�X�Q4R`X�a� 

v�X>a�N�YZf�_8]<XBa�R,¸ja:§·a�N�RGQªcdYZX¹Qª].a�Y��<c.a�YZ]<X�]<�ba�N�YZf © ] l&¤ _`cdX¹h�RGf�e�Q4Q�c l YZù8R8p�h�g a�N�R
�µ]<[Z[�] © YZX�^¡_`[�cdYZQ�ó&'³Ûµ°�ì�¯�«L¬d­4¬�®j¯�°�¯&¬d±j²ªÝ<âãÛË®<°�­ª¯�°�Úß²*Ý<í&¯4Úß«L¬.²8¯�(ë«BÛØì,«ÃÝdí&¯4í&¯&Ý<âßâ á*)�¬d±�°³Þ+��á
²1Ûß­�ÛßâËÝdí,ÛßÚÜá¡²8¯&Ý<í�ì,«ÐÝ<â ®B¬dí,ÛßÚß«B­�²4Ýd°³Þ,(ë«BÛØì,«ÃÝ<í&¯4í&¯&Ý<âßâãá¡Ûµ°�Ú�¯�°³ÞB¯&ÞGÚÎ¬+��¯-)8¬d±�°³Þ/.bÚß«L¯�°îÚß«L¯�¯0)
1
2 ì�ÛØ¯�°�ì�á�¬3)�Úß«L¬.²8¯¡Ý<â ®B¬dí,ÛßÚß«B­�²4«�Ýd²�ÚÎ¬4��¯�­ª¯�Ý.²1±�í&¯&ÞÐ¬d°K«�¬<­4¬�®j¯,°�¯�¬d±j²�Ý�â ÛZ®d°�­�¯�°�Úß²ªí�Ý<Úß«L¯�í
Úß«�Ý<°Ã¬d°ÐÝ<í5��ÛßÚÜí�Ýdí,á�Ý�â ÛZ®d°�­�¯�°�Úß²56

� Y�a�N�a�N�YZfIQ4].a�YË�<c:a�YZ]<XÃYZXÃQ4YZX�p6§ © R*w l ]<w�]<f&R*cdXÐcdw�w l ]�cd_1N�a�]�cdX�cd[�g�ù8R�a�N�R*f�R`X�f&Y�a�Y��j�
Y�a�gÐ]<�·f&YZQ4YZ[�c l Y�a�gÃf&R`c l _1N�cd[Z^<] l Y�a�N�Q£ ªý�f&YZX�^�a�N�YZf�cdw�w l ]Bcd_1N6§ © R4p�R8Qª]<X�f�a l c:a�R�a�N�c:a"Q4R`c:�
f&e l YZX�^£a�N�R�f�R`X�f&Y�a�Y��LY�ang�]<�!c<[Z^<] l Y�a�N�Q4f�]<Xî^<R8X�R l cd[êcd[ZYZ^<X�QªR8X�a1f�YZX�f�a�R`c<pî]<��N�]<Q4]<^�R8X�R8]<e�f
cd[ZYZ^�X�Q4R8XBa�f�ïØcdf�YËa�YZf�e�f&e�c<[Z[�g>p�]<X�R�ð*[ZR�cdp�fªa�]Íh�Y�cdf&R8p l R`f�e�[�a�f`§�Q4] l R£f&w�R8_8YËÓ�_`cd[Z[�g a�]îcdX
]`�BR l R8f�a�YZQªc.a�YZ]<X£]<�ua�N�R\f&R8X�f�YËa�Y��LY�a�gB 

v�X×a�N�YZfªw�c<w³R l § © R£w l ]�w³]<f&RGcÐp�gLX�cdQ4YZ_£w l ]<^ l cdQ4QªYZX�^Ícd[Z^<] l Y�a�N�Q�a�]�_`]<Q4w�e�a�R¡a�N�R
f&R8X�f&Y�a1Y��LY�a�g�R8f�a�YZQ�c:a�] l ïÜN�Y�a�w l ]<h�c<h�YZ[ZY�a�g�ð © Y�a�N l R8f&w³R8_,a·a1]�N�]<Qª]<^<R8X�R`]<e�f�cd[ZYZ^<X�Q4R8X�a1f8 �MON�R
cd[Z^<] l Y�a�N�Q£§ © N�YZ_1N*YZf�cdX�R�¸ja�R8X�f�YZ]�X*]<�³cd[Z^<] l Y�a1N�Q4f�w l ]�w³]<f&R8p*YZX£¥��`�L§�z�§<�.¨Î§ © ] l�¤ f��µ] l c © YZp�R
l c<X�^<R�]<�9f&R8R8p�p�R�Ó�X�Y�a�YZ]<X�f�ïÜ_8]<XBa�YZ^<e�]�e�f·] l f&w�cd_8R`fAf&R8R8p�f8§jf&YZX�^<[�R,��p�]<e�h�[ZR,��] l Q�e�[�a�YZw�[ZR,��f&R8R8p
cdw�w l ]�c<_1N�R8f`§�R,a�_�ð!cdX�p¡a�N�R l R8�µ] l R�_`cdX£^<e�YZp�RIa�N�R�_1N�]<YZ_8R�]<�ua�N�R�f�R`R8p£f�a l c:a1R8^.gB AvÎabYZf�h�cdf&R8p
]<X�a�N�R�R8Xje�Q4R l c:a�YZ]<XÃ]<�AN�]<Qª]<^<R8X�R8]<e�f�cd[ZYZ^<X�QªR8X�a�f` 7#IX�a�N�R*].a�N�R l N�c<X�p6§�a�N�R*R8Xje�Q4R l c.�
a�YZ]�XÃc<[Z[Z] © f\e�fba�]¡]<h�a,cdYZXÐcdXÃR�üª_8YZR`X�a l cdX�p�]�Q
^<R`X�R l c.a�YZ]<XÐcd[Z^<] l Y�a�N�Q'�µ] l N�]<Q4]<^�R8X�R8]<e�f
cd[ZYZ^�X�Q4R8XBa�f` �MON�R�[�c:a�a1R l §<YZX�a�e l X6§<_`c<X�h�Rêe�f�R`p��µ] l R8f�a�Y�Qªc:a�YZX�^�a�N�RêN�Y�a�w l ]<h�cdh�YZ[ZY�a�g�R,¸�w³R l Y��
QªR8X�a1cd[Z[�g\hBgba1R8f�a�YZX�^�a�N�R�_1N�]<f&R8X�f&R8R8p�_ l Y�a1R l YZ]<X�]<X"cOh�YZ^!Xje�Q�h³R l ]<� l c<X�p�]�Q N�]<Q4]<^�R8X�R8]<e�f
cd[ZYZ^�X�Q4R8XBa�f` 
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ò�YZX�cd[Z[�gB§LX�]da�R�a�N�c:aêa1N�R�N�]<Qª]<^<R8X�R8]<e�f�f&R8ije�R8X�_8R`fêN�c8�jR�].a�N�R l cdw�w�[ZYZ_`c:a�YZ]<X�f�YZX�h�Y�]<[Z]<^<Y��
_`cd[�f�R`ije�R8X�_8R!cdX�c<[�gLf&YZf` ${\c l [ZYZX6§Bob[�a�f&_1Nje�[�cdX�pª].a�N�R l c<e�a�N�] l fb¥���S�§��<�8¨�fna1e�p�YZR`p*[�]<X�^\N�]<Q4].�
^<R8X�R8]<e�fIïØcdX�p�Qªc.¸LYZQªcd[�f&_8] l YZX�^BðAf&R8^<QªR8X�a1fêYZX�w l ].a�R8Y�X�f�R`ije�R8X�_8R8f`§ © N�R l R�R`c<_1N l R8f&YZp�e�R�YZf
cdf&f&YZ^<X�R`pÃc�f�_`] l R*c<_8_8] l p�YZX�^�a�]¡c�_8R l a,cdYZXÃf�_`] l YZX�^¡�µe�X�_,a�YZ]<Xè \vÎa�N�cdfIh³R`R8X�p�R8Q4]<X�fna l c:a�R`p
a�N�c:aªa�N�]�f�R£f&R8^�Q4R8X�a1f�c l R£]<��a�R8X>h�YZ]<[Z]<^<YZ_�cd[Z[�g>f�YZ^�X�YËÓ�_�cdX�a�§�c<X�p>Qªc8gB§��µ] l R,¸�c<Q4w�[ZR�§ê_8] l �
l R`f�w�]<X�pÐa�]�a l cdX�f&QªR8Q�h l cdX�R�p�]<Q�cdYZX�f¡¥��<�8¨Î ¡MON�R l R8�µ] l R<§ua�N�R�QªR,a�N�]jp�f"w l ]<w�]<f&R8pÍYZXÍ]<e l
w�cdw³R l _`cdXîw³].a�R`X�a�Y�cd[Z[�gÍcdw�w�[�gÃa�]�].a�N�R l h�YZ]<YZX��µ] l Qªc:a1YZ_8f�w l ]<h�[ZR8Q4f�a�N�cdXÃa1N�R�w l ]�h�[ZR8Q ]<�
QªR`cdf&e l YZX�^�a�N�R�f&R8X�f&Y�a�Y���Y�a�g¡]��Á[Z]j_�cd[ècd[ZYZ^<X�Q4R8XBa�f!w l ]<^ l cdQªf!_8]<X�f&YZp�R l R8p£N�R l R� 

M!N�R�w�cdw�R l YZf�] l ^�cdX�YZù8R8p�cdfb�µ]<[Z[�] © f` bÂLR8_,a�YZ]<XÃSªw l R`f�R`X�a�f�cd[Z^<] l Y�a�N�Qªf8§�h�cdf&R8p�]<X�R8XjeL�
QªR l c:a�YZ]�X�a�R8_1N�X�YZije�R8f`§L�µ] l a1N�RIe�X�YZ�µ] l Q l cdX�p�]�Q ^<R8X�R l c:a�YZ]�X¡]<�uN�]�Q4]<^<R8X�R8]<e�f�f&R8ije�R8X�_`R8f` 
ÂLR8_,a�YZ]<X>��p�R8f&_ l YZh�R8fªcdX R�¸�cd_,a�cd[Z^<] l Y�a�N�Q a�]Ð_8]<Q4w�e�a�R�a�N�R�f�R`R8p p�R,a�R8_,a1YZ]<X w l ]<h�cdh�YZ[ZY�a�g
]<X�N�]<Q4]<^<R`X�R8]<e�fbf&R8ije�R8X�_8R`f8 �Â�R8_�a�YZ]<X�|�YZfbp�R��B].a�R8p£a�]�R,¸�w³R l Y�Q4R8X�a1f8§�cdX�p�p�R8Qª]<X�f�a l c:a�R8f
a�N�R�h�Y�cdf*YZX _8]<X�f&YZp�R l YZX�^�^<R8X�R l cd[êf&R8ije�R8X�_`R8f l c:a�N�R l a�N�c<XKN�]<Qª]<^<R8X�R8]<e�f*]<X�R8f` �òÁYZX�cd[Z[�gB§
ÂLR8_,a�YZ]<X�z�p�Y�f�_`e�f&f&R8f!w³]<f&f&YZh�[�R\R,¸ja�R`X�f&YZ]<X�f�cdX�p�p�Y l R8_,a�YZ]<X�f!�µ] l �µe�a1e l R © ] l&¤  
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#Ie l QªcdYZX�]<hLmnR`_,a�]<�6f�a�e�pLgªYZfAa�N�RI®BÝ1ô�âZ¯,²�²IÝ<âãÛË®<°�­ª¯�°�Ú�]���a © ]�~ É o$f�R`ije�R8X�_8R8f`  � R l R8w l R��
f&R8X�aêY�a�h�g�c�h�Y�X�c l gªf&R8i�e�R8X�_8R

A = (b1, . . . , bn)
§
bi ∈ {0, 1}

§ © N�R l R 1
f�a1cdX�p�fA�µ] l c�Qªc:a1_1N

cdX�p
0
�µ] l c�Q4YZf&Q�c:a�_1N6  � Rªcdf&f�e�Q4R�a1N�c:a�R`cd_1NÐQªc.a�_1NÃYZf�cdf&f&YZ^<X�R8p�c�_8]<X�fna,cdX�a�w�]<f&Y�a�Y��BR

YZX�a1R8^<R l f&_8] l R
s
§6cdX�p�R�cd_1N�Q4Y�f�Q�c:a�_1NÐc�_`]<X�f�a1cdXBa\X�R8^�c.a�Y��BR�YZX�a1R8^<R l f&_8] l R¡ïÜw�R8X�cd[�ang�ð −p §l R`^�c l p�[ZR`f�f\]<��a�N�R*Q4YZf&Q�c:a�_1N�YZX�^¡[ZR,a�a�R l f` "MON�YZf\YZf�a�N�R*_`cdf&R4�µ] l QªcdXBg�Xje�_8[ZR`].a�YZp�R4f�_`] l YZX�^

f�gLf�a�R8Qªf`§��µ] l R,¸�cdQ4w�[ZR�c�w³]<w�e�[�c l�ñ r6o\Â�Mþp�R8�ßcde�[Ëa�f&_8] l YZX�^Íf�gLf�a�R`Q�cdf�f&YZ^<X�f���a�]ÍR`cd_1N
Q�c:a�_1N>cdX�pK���Ga1]ÃR`cd_,N×Q4YZf&Qªc:a1_1N6 j�þobX>cd[�a1R l X�c.a�Y��BR l R8w l R8f&R8X�a1c.a�YZ]<X ]��

A
YZf�a1N�R8XKa�N�R

f&R8ije�R8X�_`R�]<�uY�X�p�Y���YZp�e�c<[�f&_8] l R8f`§L_`cd[Z[ZR`p�²8ì�¬dí&¯I²`¯f�8±�¯�°�ì�¯�§
XA = (x1, . . . , xn)

§
xi ∈ {s,−p}cdX�p

xi = −p+ bi(s+ p)
§�cdX�p�a1N�R\f&_8] l R\]<�ua�N�R © N�]<[ZR"cd[ZYZ^<X�Q4R8X�abYZf S(X) =

∑n
k=1 xk

 
�O��W�DC:xTVs3s3;�DGTk?G:x=Gs\W�DGQ � tp=Sm/=S?G:EFr=�T�=C=CQjt � U/Qj�`:3DC: � ?g�	: � TVhc?GQj:E=�?GW�U>Qc�`:3DC: � ?yFpQ�=CFrTk?AsA@/:E=Ou vS� �>T
D0?AQjs3;/h�T
D3�Qc?$Qj=���:3D0m*;/=C:3Y�;/h�?CWXU/Q�=S?AQ � t5;/Qj=G@�q`:O?��g:E: � ?CDGT � =CQc?GQjW � =p��=C;�q	=S?AQ ?A;�?AQcW � =

A ↔ G
T � U

C ↔ T � T � Un?GDGT � =0��:3D0�=CQjW � =<��W
?A@�:3D�=C;�q	=S?AQ ?A;�?AQcW � = � �>=GQ � sO:$?GDGT � =CQc?AQcW � F�;�?ATk?AQcW � =gW�s3s3;�Dg�lQc?G@nTptVDC:ETk?G:3DyDC:fhjTk?AQ �5:$Y�DC:Eo�;�: � s\m-?A@/T �?GDGT � =0��:3DG=CQjW � =3��Q � �>T
D0?AQ�sO;>hjT
DiQ � sOW�U>Q � t�=0:Eo�;�: � s\:E=3u���@/Q�=BU/Q�=S?AQ � s\?GQjW � Qj=<TVh�=0W�;>=0:3Y�;>h�Q � =0:3:EU7U/:E=CQjt � �RTV=Qc?�T�hjhjWE�l=�?GW�sOW � =GQjU�:EDp?GDGT � =GQ ?AQjW � ��s\W � =S?GDGTVQ � :EU�FrQj=CFrTk?AsA@/:E=O�yTV=-U/W � :nq5m��g� z$� �l�4a � � e�WVDr  z$�>� ajb � eY�WVDi:O¡/TVFp�>hj:Vu z Y�;�D0?A@�:3Di=0?C:E�7�gW�;>hjU7q`:r?GW*FrT
¢�:-£ � :3D<�	T
D0?AQ ?AQcW � =BWVY�TVh�h � ;/s3hj:3W
?AQjU/:-�>TVQjDG=O�¤U/:3�`: � U/Q � tW � =0?GT
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¨¡»�©xªx« � «µ¿Zª­¬�® o h�YZX�c l g�f&R8ije�R`X�_8R
A
ïÎcdX�p�cdX�cdf&f&]j_8Y�c.a�R8p�f&_8] l Rbf&R8ije�R`X�_8R

XA
ð�YZf·_�cd[Z[ZR8p

«�¬<­4¬�®j¯�°³¯�¬d±j²"YZ�
S(XA)

YZf4f�a l YZ_,a1[�gK^ l R`c.a�R l a�N�cdX
S(XA[i..j])

�µ] l cd[Z[�w l ]<w³R l f&R8^<QªR8X�a1f
XA[i..j] = (xi, . . . , xj)

ï
i > 1

] l
j < n

ð, 
M!N�YZf�f&R8_,a�YZ]<X¹YZf�p�R��B].a�R8p a1]Ãa�N�R£�ß]<[Z[Z] © YZX�^�i�e�R8f�a�YZ]<Xèó Ä ] © a1]�e�X�YZ�µ] l Qª[�g×^<R8X�R l c:a�R

l c<X�p�]<Q N�]�Q4]<^<R8X�R8]<e�fªf�R`ije�R8X�_8R8fª]<��cÐ^<Y��BR8X>[ZR`X�^.a�N
n
§·] l ]<��h³].a1N>cÃ^<Y��jR8X>[ZR8X�^.a1N

ncdX�p>c�^�Y��BR8X×f&_8] l R
S ¯ M!N�R�e�X�Y��µ] l Q4YËa�g _8]<X�p�Y�a�YZ]<X×QªR`cdX�f�a�N�c:a�R`c<_1N×f&R8ije�R8X�_8R�]<�!a�N�R

_8]<X�f&YZp�R l R`p�_8[�cdf&f!N�cdf�a�N�R\f�cdQ4R�w l ]<h�cdh�YZ[ZY�a�g�a�]ª]j_8_8e l  
M!N�R�YZXBa�R l R`fna�]<�ëa�N�Y�f�i�e�R8f�a�YZ]<XÃYZfba © ]<�µ]<[�p6 �ò�Y l f�a�§9h�R8YZX�^�cdh�[ZR"a1] l cdX�p�]<Qª[�g�^<R8X�R l c:a�R

N�]<Q4]<^<R`X�R8]<e�fêf�R`ije�R8X�_8R8f © ]<e�[Zp¡cd[Z[Z] © a�]�Q4R`cdf&e l R!a�N�Rbf&R8X�f�Y�a1Y��LY�a�g�]<�èc�f&YZQ4YZ[�c l Y�a�g�f&R`c l _1N
cd[Z^<] l Y�a�N�Q¶YZX*a�N�R!R,¸Lw�R l YZQªR8X�a,cd[ © c8gj§Bh�g�a�R`fna1YZX�^�Y�aêcd^�cdYZX�fnaêc\f�cdQªw�[ZR!]<� l cdX�p�]<Q4[�g4p l c © X
N�]<Q4]<^<R`X�R8]<e�f�f�R8i�e�R8X�_8R8f` �ÂLR8_8]<X�pè§�cdf�Y�a*YZf�]<��a1R8X�a�N�R�_`cdf&R��µ] l _8]<Q�h�YZX�c:a1] l Y�cd[ê]<hLmnR8_�a�f`§
a�N�R�ije�R8f�a�YZ]�XK]<� l cdX�p�]<Q ^<R8X�R l c:a�YZ]�XK]<�!N�]<Qª]<^<R8X�R8]<e�f*f&R8ije�R`X�_8R8f*YZf�_8[�]<f�R`[�g l R`[�c:a�R8pÍa�]
a�N�R\ije�R8f�a�YZ]<X£]<�ua�N�R`Y l R8X�e�Q4R l c:a�YZ]<Xè§�c<X�p¡a�N�R�[�c:a�a�R l © YZ[Z[èh³R�e�f&R8p£YZX�a�N�R\X�R,¸jabf�R`_,a�YZ]<X¡a�]
]<hLa1cdYZXGcdX�R,¸�cd_,a�cd[Z^<] l Y�a1N�Q �µ] l _`]<Q4w�e�a�YZX�^�a�N�R�f�R`X�f&Y�a�Y��LY�a�gj 

ò�] l cªh�YZX�c l g£f&R8ije�R8X�_8R
A = (b1, . . . , bn)

cdX�p�a�N�R�cdf&f&]j_`Y�c:a�R8p�f&_8] l R"f&R8i�e�R8X�_8R
XA =

(x1, . . . , xn)
§�_8]<X�f�YZp�R l a�N�R�R,�B]<[ZeLa�YZ]<XK]��êa1N�R�w l R�Ó�¸Íf&_8] l R ∑k

i=1 xi
�µ] l

k = 1..n
 ÃMON�R

R,�B]�[Ze�a�YZ]<X¹_�cdX>h�R l R`w l R8f&R8XBa�R8p�cdf�c © c<[ ¤ ]<X Z2 f�a1c l a�YZX�^�� l ]<QÊa�N�RG] l YZ^<YZX
(0, 0)

cdX�p
R,�B]�[��LYZX�^Ãa�N l ]<e�^<NKa © ]�w�]<f&f�YZh�[ZR��BR`_,a�] l f (1, s)

cdX�p
(1,−p)  >MON�R£]<X�R��Øa�].��]<X�R l R`[�c:a�YZ]<X

1 01 1 1 1 0 1 1

p

s

ò�YZ^<e l R��<ó�obX�cd[ZYZ^<X�QªR8X�aIe�X�YZije�R`[�gGcdf&f&]j_8Y�c:a1R8p © Y�a�N�c © c<[ ¤   1
f�a1cdX�p�fb�µ] l cªQ�c:a�_1N�cdX�p

0
�µ] l c*Q4YZf&Q�c:a�_1N

h�R,a © R8R8XGc*h�YZX�c l g�f&R8ije�R8X�_8R"cdX�p£c © cd[ ¤ YZf!YZ[Z[Ze�fna l c:a�R8p£YZXGòÁYZ^�e l R4�� 
Ä ]<Q4]<^�R8X�R8]<e�f\f&R8ije�R`X�_8R8f\_8] l&l R8f&w³]<X�p�a�] © cd[ ¤ f C ]<X

Z2 f�a1c l a1YZX�^�c:a (0, 0)
§èR8X�p�YZX�^

c:a
(n, S)

§�cdX�p¡�BR l YZ��g�YZX�^*a © ]�cdp�p�Y�a�YZ]<X�cd[6_8]<X�p�Y�a�YZ]�X�f`ó

vSwx�yvSz
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° C YZf�ôL¬d²1ÛßÚÜÛµàd¯�ó ∀(k, y) ∈ C, k > 0⇒ y > 0
§

° C YZf�ì�±Lâã­�Ûµ°³Ý<ÚÜÛß°B®�ó ∀k < n, (k, y) ∈ C ⇒ y < S
 

o © cd[ ¤ �jR l YZ��gLYZX�^�h�].a�N>_8]<X�p�Y�a�YZ]�X�f�YZf�_`cd[Z[ZR8p�c�ì�±Lâã­�Ûß°³Ý<ÚÜÛµ°j®�ôL¬d²1ÛßÚÜÛµàd¯±(AÝ<â�²�ï é k � ð, �vÎa
YZf"R`cdf&YZ[�gÐf&R8R`XÃa�N�c:a�a�N�Rª_8]<X�p�Y�a�YZ]<XÍ�µ] l c © cd[ ¤ a�]£h³Rªh�].a�N�w³]�f�Y�a1Y��BR�cdX�pÍ_8e�[ZQªYZX�c:a�YZX�^£YZf
R8i�e�Y��<cd[ZR`X�aOa1]�a�N�R\N�]<Qª]<^<R8X�R8]<e�f&X�R8f&fO]��èa�N�R\e�X�p�R l [�g�YZX�^4f&R8ije�R8X�_`R< 

� R © YZ[Z[·h³R�YZX�a�R l R8f�a�R8pîYZXÐa © ]�_`cdf&R8f`§�p�R8w�R8X�p�Y�X�^G]<X © N�R,a�N�R l a�N�R4a�].a1cd[·f&_8] l R�ïÜ_8e�[��
QªYZX�c:a�YZX�^�w³]�YZX�a,ð

S
YZf�ÓL¸LR8p�] l X�].a:  � R�f�a1c l a © Y�a�NGa1N�R�_`cdf&R�]<��f&R8i�e�R8X�_8R8f�]��Ac l h�Y�a l c l g

f&_8] l R
S
cdX�p�a�N�R8X�f&N�] © N�] © a�N�R�cd[�^<] l Y�a�N�Q YZf!Q4]�p�YËÓ�R`p�a1]�a�N�R\_�cdf�R\]��uÓL¸LR`p�f�_`] l R< �rèR,a

Cn
h³R�a�N�R\f&R,a�]���cd[Z[ é k � f!]<��f&YZù8R

n
cdX�p£c l h�Y�a l c l g�a�].a1c<[6f&_8] l R

S
 

o
_8[�cdf&f&YZ_`cd[�cdw�w l ]�cd_1N a�]�a�N�R l cdX�p�]<QÊ^<R8X�R l c:a1YZ]<X×]<��f�R`ije�R8X�_8R8fª]<��cÃ^<Y��BR`X×[ZR8X�^.a�N
p l c © XÍ� l ]�Q c£[�cdX�^<e�cd^<R

L
YZf�h�cdf&R8pÍ]<XÍ_8]�e�X�a�Y�X�^Gf&eLü*¸�R8f"]<�·a�N�]<f&R�f�R`ije�R8X�_8R8f¡¥ÒS<S:¨Î ¡vÎa

cd[Z[Z] © f�a1]¡^<R8X�R l c:a1R*f&R8ije�R8X�_8R`f\YZX�_ l R8Q4R8XBa1cd[Z[�gÃ� l ]<Q [ZR8��a\a�] l YZ^<N�a: �v�XÐ]<e l _`cdf&R<§9a�N�YZf�cdw��
w l ]�cd_1N¡YZf�w l R8�µR l cdh�[ZRba�]"a1N�R�^�R8X�R l c:a�YZ]<X¡h�g l R�mnR8_�a�YZ]<X6 �M!N�R�[�c.a�a�R l _8]<X�f�YZf�a�fOYZX¡^<R8X�R l c:a�YZX�^
f&R8ije�R8X�_`R8fOe�X�YZ�µ] l Qª[�g�cdQ4]<X�^ªcd[Z[6w�]<f&f�YZh�[ZR\f�R`ije�R8X�_8R8f`§�cdX�p�p�YZf&_`c l p�Y�X�^�a�N�]<f&R�a�N�c:a�p�]4X�].a
QªR8R,a�a�N�R"_8]<X�f�a l cdYZXBa�f` �ob[�a�N�]<e�^<N�a1N�YZf�QªR,a�N�]�p�cd[Zf&]4gLYZR8[Zp�fbcªe�X�YZ�µ] l Qþp�YZf�a l YZh�e�a�YZ]�X6§³cdX�p
^<R8X�R l c:a1YZX�^4R`cd_1N�_`cdX�p�YZp�c.a�RIf&R8i�e�R8X�_8RI_`cdX�h³R\p�]<X�RIYZX�[ZYZX�R�c l a�YZQ4R�§ja�N�Rba�Y�Q4RI_8]�Q4w�[ZR�¸LY�a�g
]<�êa�N�R l R�m�R8_,a�YZ]<XîQ4R�a�N�]jpîN�R�c8�LYZ[�gÍp�R8w�R8X�p�f"]<X

s
cdX�p

p
w�c l cdQ4R�a�R l f` £vÎa © ]<e�[Zpîh�R�R�ü*�

_8YZR`X�abYZ�èa1N�R�_8]<X�f�a l cdYZX�a�fbc l R�X�].a!a�]�]4f�a l ]<X�^�³�R< Ò^�  © N�R`X�a1N�R�w l ]<h�cdh�YZ[ZY�a�g�]<� l R�mnR8_,a1YZ]<X£YZf
O(1/n)

 �vnXÃ]<e l f&R,a�a�YZX�^�§6Y��
s
YZf\f&Qªcd[�[ZR l a1N�cdX

p
ï © N�YZ_1NÐYZf\]<��a1R8X�a�N�R*_`cdf&R4YZXÃw l cd_,a�YZ_`R�ð,§

a�N�R l R�mnR8_,a1YZ]<Xîw l ]<h�cdh�YZ[ZY�a�gÐa�R8X�p�f�a�]�]<X�R © Y�a�NKcdXîR,¸�w³]<X�R8X�a�Y�c<[Af&w�R8R8pKcdf n ^ l ] © f`§Áa�N�e�f[ZR`c<p�YZX�^*a�]ªc<X�R,¸�w³R8_�a�R8p�R,¸Lw�]<X�R8X�a�Y�cd[9a�YZQ4R�_8]<Q4w�[ZR,¸LY�a�gj 
M!N�R\_8]<e�X�a�YZX�^ªcdw�w l ]�cd_1N£YZf!h�cdf&R8p�]<X�a1N�R\�µ]�[Z[Z] © YZX�^ª^<R8X�R l cd[6f&_1N�R8Q4R< Ar6R�a L h³R�c*f&R,a]<�9f&R8ije�R8X�_`R8fA]`�BR l cdX�cd[Zw�N�cdh�R,a

Σ = {a1, . . . , am}
cdX�p

Ln
h³ROa�N�R�f&R8ije�R8X�_8R`fA]<�

L
]<�9f&YZù8R

n
 brèR,a

wp
h�R�c�w l R8ÓL¸G]<��f&]<QªR�f&R8ije�R8X�_8R�]<�

Ln
  � R�_`cd[Z[

Pa(wp)
a�N�R�w l ]<h�c<h�YZ[ZY�a�g£a�N�c:a

wp
_`cdX£h³R��µ]<[Z[Z] © R8p£hBg a ∈ Σ

a�]4�ß] l Q c4f&R8ije�R8X�_8R\]��
Ln
ó

Pa(wp) =
|{w′|wpaw′ ∈ Ln}|
|{w′′|wpw′′ ∈ Ln}|

.
ï���ð

´A» ÈÍÈÐ�¶µ ®�· Ûµàd¯�°Gà.Ý<âã±�¯,²
Pa(wp)

)�¬dí"Ý<âµâ
a ∈ A Ýd°³Þ�Ý<âßâBô³í&¯ 2 �j¯,²

wp
.·¬<°�¯�ì&Ý<°�®j¯�°�¯�í�Ý<Ú�¯

²8¯k��±�¯,°�ì1¯,²�¬E)
Ln

±�°�Û )�¬dí,­4â á§6
�êí�¬`¬3)�6bÂBa1c l a�YZX�^!� l ]<Q

ε
§:YZf&f&e�R�_`]<X�f&R8_8eLa�Y��BR8[�g\[ZR,a�a1R l f

α1, . . . , αn
© Y�a�N�w l ]<h�cdh�YZ[ZY�a�YZR8f Pα1(ε)

§
Pα2(α1)

§
Pα3(α1α2), . . . , Pαn(α1α2 · · ·αn−1)

 �MON�Rªw l ]<h�cdh�YZ[ZY�a�gÐ]<�êYZf&f&e�YZX�^£c�f&R8i�e�R8X�_`R
w = α1α2α3 · · ·αn

YZf

P (α1 . . . αn) = Pα1(ε) · Pα2(α1) · Pα3(α1α2) · . . . · Pαn(α1α2 · · ·αn−1) =

|{w′|α1w
′ ∈ Ln}|

|Ln|
· |{w

′|α1α2w
′ ∈ Ln}|

|{w′|α1w′ ∈ Ln}|
· . . . · |{w

′|α1 . . . αnw
′ ∈ Ln}|

|{w′|α1 · · ·αn−1w′ ∈ Ln}|
=

1

|Ln|
,

ïÎS<ð

�����	��

�
���
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cdf {w′|c1 . . . cnw
′ ∈ Ln} = {ε}  �MON�R l R8�µ] l R<§6a�N�YZfIg�YZR8[Zp�f�c�e�X�YZ�µ] l Q�^<R8X�R l c:a1YZ]<X�w l ]j_8R,�

p�e l R< 

0
0

y

h

n

A

B

ò�YZ^<e l RÃS�óîÂLeLü*¸�R8f�¸¹cdf&f�]�_8Y�c:a�R`p¹a�]Kcîw l R�ÓL¸º¹×]��
Cn

p�R`w³R8X�p�]<X�[�g�]<�Ia�N�R�Qªc:¸�YZQªcd[
] l p�YZX�c:a1R

h
cdX�p�_8e l&l R8X�ab] l p�YZX�c:a�R

y

v�X4^<R8X�R l cd[Ø§�]<X�R�N�cdf�a�]Iw l R8_8]�Q4w�eLa�R�e�w�a�] |Σ|n �<cd[Ze�R8f Pα(wp)
  Ä ] © R,�jR l §�YZX�a�N�R�_`c<f�R

]<�èN�]<Qª]<^<R8X�R8]<e�fêf&R8i�e�R8X�_8R8f`§�Y�a�YZfêX�].a�X�R8_8R8f&f�c l gªa�]�w l ]j_8R`f�fêR�cd_1N�w l R�Ó�¸
wp

YZX�p�Y��LYZp�e�cd[Z[�gB§
cdfªa�N�R£]�X�[�g l R`[ZR,�<cdX�a¡YZX��µ] l Qªc:a�YZ]�X¹]<�

wp
Y�f4a�N�RGQªc:¸LYZQ�cd[�] l p�YZX�c:a1R

h
l R�cd_1N�R8p�h�g

wpcdX�pÃa�N�Rª_`e l�l R`X�a�] l p�YZX�c:a1R
y
ïÜf&R8R�ò�YZ^<e l R�S<ð, �MON�R l R8�µ] l R<§ © RªYZXBa l ]jp�e�_8R*a�N�Rª_8]<X�_8R8w�a�]<�

(h, y)
��YZX�Y�a�Y�cd[ZYZù8R8p © cd[ ¤  

¨¡»�©xªx« � «µ¿Zª¼»�® ò�] l
h, y ≥ 0

§
y ≤ h

§³c<X
(h, y)

��YZX�Y�a�Y�cd[ZYZù8R`p é k � YZf�c é k � f�a1c l a1YZX�^�c.a
(0, y)

cdX�p�_8e�[ZQ4YZX�c:a�YZX�^�c:abf�]�Q4R\w�]<YZX�a
(n, S)

§�f�e�_1N�a�N�c:a
S > h

 
rèR,a

Cy,h,n
h³R�a1N�R\f&R,ab]<�

(h, y)
��YZX�Y�a�Y�cd[ZYZù`R8p é k � f!]��Á[ZR8X�^.a�N

n
 

´A» ÈÍÈÐ�¾½ ®À¿ ²�²1±L­ª¯ÐÚß«LÝ<Ú
wp

Û ²ÐÝ�ô�¬.²1ÛßÚÜÛßà.¯4(AÝ<â�²�)1í�¬d­
(0, 0)

ÚÎ¬
(k, y)

Ýd°³Þ
h
Û ²�ÛßÚß²

­ªÝ��<Ûµ­4Ý�âè¬<í�Þ<Ûµ°³Ý<Ú�¯�6�Á6«�¯�° {w′|wpw′ ∈ Cn} = Cy,h,n−|wp|
6

o w l ]j]<�ÁYZf!YZQªQ4R8p�Y�c:a�R"cdX�p£YZf!YZ[Z[Ze�f�a l c.a�R8p£]<X£ò�YZ^<e l R"SL 
M�]�_8]<e�XBa�a1N�R

(h, y)
��YZX�Y�a�Y�cd[ZYZù`R8p é k � fA]<�³f&YZù`R

n
�ß] l cd[Z[�_`]<Q4w�c:a�YZh�[ZR��<c<[Ze�R8fA]<�

h
§
y
cdX�p

n
§ © R�e�f&R�a�N�R\�µ]<[Z[Z] © YZX�^ l R8_`e l f&Y��BR\p�R8_8]<Qªw³]<f&Y�a�Y�]<X�]<� (h, y)

��YZX�Y�a1Y�cd[ZYZù8R8p é k � f` 
´A» ÈÍÈÐ�ÃÂ ®�Ä ¬dí

y, h ≥ 0
.

Cy,h,1 =

{
(1, s)

Û )
y + s > h

∅ ¬<Úß«L¯�íV(�Û ²8¯ ïØ��ð

Ýd°³Þ~)8¬dí
k > 1

.

Cy,h,k =

{
(1, s) · Cy+s,max(h,y+s),k−1

⋃
(1,−p) · Cy−p,h,k−1

Û )
y > p,

(1, s) · Cy+s,max(h,y+s),k−1
¬<Úß«L¯�íV(�Û ²8¯�6 ïÜ|Bð
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�êí�¬`¬3)�6!o´]<X�R,��f�a�R`w é k � _`c<X�X�]da"h³R�c
(1,−p) ��f�a�R8wè§Ácdf�Y�a © ]<e�[Zp�X�].a�h³Rª_8e�[ZQªYZX�c:a�YZX�^� vÎab_`cdX�]�X�[�g�h³R�c

(1, s)
��fna1R8w�w l ]`�LYZp�R8p�a�N�c:a

h < y + s
 

M!N�Rª^<R8X�R l cd[�_�cdf&R4Y�f�f&w�[ZY�a�Y�X�a�]¡a © ]£_�cdf&R8f`§up�R8w³R`X�p�YZX�^�]<X © N�R,a1N�R l a�N�R4Ó l f�a"f�a�R`w�YZf
(1, s)

] l
(1,−p)  bMON�R�[�c.a�a�R l YZf�w³]�f�f&YZh�[ZR�]<X�[�g�YZ� y > p

 bv���a�N�R"Ó l f�aIf�a�R8w�YZf
(1, s)

§³a�N�R8X
a�N�R\X�R © Qªc.¸LYZQ�e�Q YZf!f&R,a!a�]

max(h, y + s)
 

É ].a�R¡a�N�c.a4a�N�R�p�R8_8]<Qªw³]<f&Y�a�YZ]<X>]<�
Cy,h,n

YZfªe�X�cdQ�h�YZ^�e�]<e�f`§ © N�YZ_1N>QªR`cdX�f4a�N�c:aªa�N�R
e�X�YZ]<X4]<w³R l c:a�YZ]<X4YZf�cIp�Y�fÜmn]�YZX�aAe�X�YZ]�X6 �MON�R l R8�µ] l R�§Br6R8QªQªc�z�^<Y��BR8fAc l R8_8e l f�Y��jR��µ] l Q�e�[�cI�µ] l
_8]<Qªw�eLa�YZX�^ba�N�R�Xje�Q�h³R l ]<� é k � f

Cy,h,k
�µ] l p�YËö9R l R8X�aë��cd[Ze�R8f

1 ≤ k ≤ n § 0 ≤ y, h ≤ s·n  o>pLgLX�cdQªYZ_êw l ]<^ l cdQ4QªYZX�^�YZQªw�[ZR8QªR8X�a1c:a1YZ]<X�]<�La�N�R l R8_8e l f&YZ]<X�[ZR`cdp�fÁa�]IcdX
O(n3)

a�Y�Q4R�cdX�p
f&w�cd_`R\_8]<Qªw�[ZR,¸�Y�a�gB 

rèR8QªQªc�|¡cd[Z[Z] © fba1]�_8]�e�X�aIa�N�R�X�e�Q�h�R l ]<�Aw�]<f&f�YZh�[ZR�f&eLü4¸LR8fI�ß] l cdXBg�w l R�ÓL¸ wp ]<�Ac© cd[ ¤ ]<� Cn  \rèR,a k = n − |wp|
§
y
h³R"a�N�R�] l p�YZX�c:a�R�]��ëa�N�R�Ó�X�cd[�w�]<YZX�a�]<�

wp
cdX�p

h
a�N�R

Q�c:¸LYZQªc<[Á] l p�YZX�c:a1R l R`cd_1N�R8p�hBg
wp
 bMON�R8Xè§�a1N�R�w l ]<h�cdh�YZ[ZY�a�g

P1(wp)
a1N�c:a

wp
YZf��µ]<[Z[Z] © R`p

h�g c�f�a�R8w
(1, s)

YZf |Cy+s,max(h,y+s),k−1|/|Cy,h,k|
 �o�f*f&]j]<X×cdf�a�N�R��<cd[Ze�R8f |Cy,h,k| c l R_8]<Qªw�eLa�R8p6§jcIf&R8ije�R8X�_`RO]<�

Cn
YZf�^<R`X�R l c.a�R8p4YZX�_ l R8QªR8X�a,cd[Z[�g*YZX*a�YZQªR

O(n)
e�f&YZX�^"rèR8Q4Q�c�S� 

� R�X�] © Q4]jp�YZ��gÍa�N�R¡Q4R,a�N�]jpÍa1]�^<R`X�R l c:a1R�N�]<Q4]<^�R8X�R8]<e�f*f&R8ije�R`X�_8R8f*]�� 2 �j¯&Þ�f&_8] l R
S
§ © N�YZ_1N×cdQª]<e�XBa�f�a�]Ã^<R`X�R l c:a1YZX�^ é k � f © Y�a�N>c�Ó�¸LR8p _8e�Q�e�[�c.a�YZX�^Ãw�]<YZX�a: ÍM!N�YZf4_`c<f�R

YZf\f&YZQªw�[ZR l §ucdf�a�N�R l R*YZf\]�X�[�gÃc�Ó�X�Y�a�R*Xje�Q�h�R l ]<�Aw�]<f&f&YZh�[ZR*YZXBa�R l QªR8p�Y�c:a1R*f&_8] l R`fªïÜf�a1c:a�R`f�ð� 
MON�R l R8�ß] l R\a1N�R"f&R,a�]<��f&R8ije�R8X�_8R`f�h�R8_8]<QªR8f�c l R`^<e�[�c l [�cdX�^<e�cd^<R<§³�ß] l © N�YZ_1N£a�N�R l R"R,¸LYZf�a�f�c
[ZYZX�R`c l �Øa1YZQ4R l cdX�p�]�Qþ^<R8X�R l c:a1YZ]<X�c<[Z^<] l Y�a�N�Q ïÜYZX�_8[Ze�p�YZX�^4a1N�R"w l R8w l ]j_8R8f&f&YZX�^4a�YZQªR�ð"¥��`{�§Z�.¨Î 
v�X�]�e l _`cdf&R<§<Y�a�YZfëf&e�üª_8YZR8XBa�a�]�w l R8_8]<Qªw�e�a1R�cdX

S×n a,cdh�[ZRêf�a�] l YZX�^�a1N�RêXje�Q�h³R l ]<��f�e�ü*¸LR`f�µ] l R`cd_1N�w³]<YZXBa·]<�³a�N�R l R8_,a1cdX�^<[ZR!f&w�R8_8YËÓ�R`pªh�gª_8] l X�R l w³]<Y�X�a�f
(0, 0)

cdX�p
(n, S)

 �M!N�]<f&R!_�cdX
h�R�f�R`R8X�cdf © cd[ ¤ fêYZX�f&YZp�R�R�cd_1N l R`_,a1cdX�^<[ZR © Y�a�N�_8] l X�R l f (0, y)

cdX�p
(k, S)

 �rèR,a
DS
y,k

h�g*a�N�R
f&R,ab]<�Áf&e�_1N © cd[ ¤ f` �MON�R��µ]<[Z[Z] © Y�X�^ª[ZR8QªQªc*R`fna,cdh�[ZYZf&N�R`f�a�N�R�_8] l�l R`f�w�]<X�p�YZX�^ l R8_`e l�l R`X�_8R< 
´A» ÈÍÈÐ�ÆÅ ®�Ä ¬dí

y ≥ 0
.

DS
y,1 =

{
(1, s)

Û )
y + s = S

∅ ¬<Úß«L¯�íV(�Û ²8¯ ïÎz<ð

Ýd°³Þ~)8¬dí
k > 1

.

DS
y,k =





(1, s) ·DS
y+s,k−1

⋃
(1,−p) ·DS

y−p,k−1

Û )
p < y < S − s,

(1, s) ·DS
y+s,k−1

Û )
y ≤ p < S − s

(1,−p) ·DS
y−p,k−1

Û )
p < S − s ≤ y

∅ ¬<Úß«�¯�í
(�Û ²`¯�6
ïØ¦�ð

o�^�cdYZX6§.a�N�Rêe�X�YZ]<X�YZfëp�YZfØmn]<YZX�a:§<c<X�p"a�N�R l R8�ß] l RAa�N�R l R`_8e l�l R8X�_8Rê_�cdX�h³Rêe�f&R8p*�µ] l _8]<e�X�a�YZX�^
a�N�R�_`c l p�YZX�c<[ZY�a�g×]<��R`cd_1N

DS
y,k

 ¹ý�f&YZX�^�rèR8QªQªcdf�SL§Ò|�§Aa�N�YZf�^<Y��BR8f�cÃe�X�YZ�µ] l Q ^<R8X�R l c:a�YZ]<X
cd[Z^<] l Y�a�N�Q ]<�

O(S · n)
f&w�cd_8R�cdX�p�a�YZQªR\_8]<Qªw�[ZR�¸LY�a�gB 

�����	��

�
���
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Ç È ���ÊÉ*#\�9�&��

�� "�  ��n�ËÉ�æ���Ì�	-Ì*��%&�����
� R¡w l R8f&R8X�a4X�] © cdX c<[Z^<] l Y�a�N�Q��µ] l _8]<Qªw�e�a1YZX�^Ga1N�R�N�Y�aªw l ]<h�cdh�YZ[ZY�a�gK]<X×c l c<X�p�]<Q�N�].�
Qª]<^<R8X�R`]<e�fbf&R8ije�R8X�_`R<§�a1N�c:aI_`cdX�h³R�cdw�w�[ZYZR8p£a�]�p�YËö�R l R8X�a�f&R8R`pGf�a l c:a�R8^<YZR`fbf�e�_1N�c<fbf�Y�X�^<[ZR<§
p�]<e�h�[ZR�] l Q�e�[�a�YZw�[ZR!f&R8R`p�f`§B_8]�X�a�YZ^<e�]<e�fA] l f&w�cd_8R`pªf&R8R8p�f`§BR,a�_< ëMON�R�cd[Z^<] l Y�a�N�Q¶_`c<Xªh�R!f&R8R8X
cdf�cdX�R,¸�a�R8X�f�YZ]�X�]<�èa�N�RIpLgLX�c<Q4YZ_\w l ]<^ l cdQªQ4YZX�^4c<[Z^<] l Y�a�N�Q ]<�${IR8YZ_1NÍ¥����.¨è�µ] l _8]<Q4w�e�a�YZX�^
a�N�RbN�Y�aOw l ]<h�cdh�YZ[ZY�ang��µ] l c"f&YZX�^<[ZRbf&R8R`p6§�e�X�p�R l a�N�R ñ R l X�]�e�[Z[ZY³Qª]jp�R8[�]<��a�N�Rbf&R8ije�R8X�_`R< ëMON�R
cd[Z^<] l Y�a�N�Qþ]<�${IR`YZ_1N£N�cdf!h�R8R8X£R,¸ja1R8X�p�R8p£YZX£f&R,�BR l cd[ © c8gLf`ó�¥ �.¨uw l ]<w�]<f&R8p£c<X£R,¸ja�R`X�f&YZ]<X¡a�]
a�N�R�ï Ä YZp�p�R`X�ð�¢�c l�¤ ]`��¢G]�p�R8[Zf·]<��a�N�R�f&R8ije�R`X�_8R`%LcdX�].a1N�R l a�R8_1N�X�YZije�R<§jw l ]�w³]<f&R8p�YZX�¥Òz.¨Î§�cd[��
[Z] © f·a�]�p�R`cd[ © Y�a�N¡¢�c l&¤ ]`��¢G]jp�R8[Zfê]<�9a�N�R�f�R`ije�R8X�_8R�cdX�p © Y�a1N�Q�e�[�a�YZw�[ZRbf&R8R8p�f�%jÓ�X�cd[Z[�gB§�YZX
¥ |<¨Î§�a�N�R¦{IR`YZ_1N£cd[Z^<] l Y�a�N�Q © cdf!R,¸ja1R8X�p�R8p�a�]ªcdX�].a1N�R l f&R8R8p�Qª]jp�R`[Ø§�_`cd[Z[ZR8p�àd¯�ì8ÚÎ¬díI²8¯�¯&Þd²1 �o
f&YZQ4YZ[�c l ��f�a�gL[ZR�p�g�X�cdQªYZ_!w l ]�^ l cdQ4QªYZX�^"cd[�^<] l Y�a�N�Q © c<fAw l ]�w³]<f&R8pªYZX�¥ ¦.¨�YZX�c\w�e l R8[�g4_8]�Q�h�Y��
X�c:a�] l Y�cd[9f&R,a�a1YZX�^�§L�µ] l _8]<Qªw�eLa�YZX�^�a�N�RIf&].��_`cd[Z[�R8p�¬1ô�ÚÜÛµ­ªÝ<â9Úß«Bí&¯,²�«L¬<âËÞd§ © N�Y�_1N¡YZf·a�N�R�Q4YZX�YZQªcd[
Xje�Q�h�R l ]<��f�R`R8pK]j_8_8e l�l R8X�_8R8f*�µ] l ^<Y��BR8X f�R`ije�R8X�_8R�[ZR8X�^da�N cdX�pKX�e�Q�h�R l ]<�!f&e�h�f�a�Y�a1e�a�YZ]�X
R l&l ] l f"ïÜf&R8R"cd[Zf&]G¥���û.¨µð, 

M!N�R4R,¸ja1R8X�f&YZ]<X © R4w l ]�w³]<f&R*N�R l R4YZf\]<�·p�YËö�R l R8XBa�X�c:a�e l R<§èc<f\]<e l w l ]<h�cdh�YZ[ZYZf�a�YZ_4f&w�cd_8R
YZf�X�].a�f&w³R8_8YËÓ�R8pÐhBgÐc�w l ]<h�cdh�YZ[ZYZf�a�YZ_ªQ4]jp�R8[�]���a1N�Rªc<[ZYZ^<X�QªR8X�a�§uh�e�a�h�gÐc�f&R,a�]<�êw³]<f&f&YZh�[ZR
cd[ZYZ^�X�Q4R8XBa�f"cdX�p�a1N�R4_8]<X�p�Y�a�YZ]<XÐ]���a1N�R4e�X�YZ�µ] l Q p�YZf�a l YZh�eLa�YZ]<Xè �v�XÐ]da�N�R l © ] l p�f`§èN�R l R © R
YZQªw³]<f&RI®�âË¬§�&Ý�â9ì&¬d°�²,ÚÜí�Ý<Ûµ°�Úß²�]<Xªa1N�R�cd[ZYZ^<X�Q4R8XBa�fIïµa�]�h�RbN�]<Qª]<^<R8X�R`]<e�f�cdX�pªa�]�N�c8�BR�c"^�Y��BR8X
f&_8] l R:ð l c:a�N�R l a1N�cdX�f&w³R8_`YZ��gLYZX�^ªa�N�R8Y l [Z]j_`cd[�w l ]<w³R l a�YZR8f`§9c<fI¢�c l�¤ ]`��Qª]jp�R8[ZfIp�]� IMON�R ¤ R,g
]<��a�N�RO_8]�X�f�a l e�_,a�YZ]<XªYZfëa1N�R l R8w l R8f�R`X�a1c:a1YZ]<X4� l ]<Q a�N�R!w l R��LYZ]<e�f�f&R8_,a�YZ]�X4]<��a�N�]<f&R!f�R`ije�R8X�_8R8f
cdf l cdX�p�]�Q _8e�[ZQ4YZX�c:a�YZX�^ © cd[ ¤ f�]<X�a�N�R\w�[�c<X�R<§�c<X�p�_`]<e�X�a1YZX�^4�ß] l Q�e�[�cdf"ïÎz<ð�§èïØ¦�ð, 

ò�] l a�N�R�f�c ¤ R�]���f&YZQ4w�[ZYZ_8Y�a�g�]���w l R8f&R8XBa1c:a�YZ]<Xè§ © R�p�R8f&_ l YZh�RIa�N�R"c<[Z^<] l Y�a�N�Q �µ] l c4f&YZX�^<[ZR
f&w�cd_`R8p"f&R8R8p6 Áoêaua�N�R�R8X�p"]<�Ba1N�YZfuf&R8_�a�YZ]<X6§ © RAR,¸�w�[�cdYZX"N�] © a�N�R·cd[Z^<] l Y�a�N�QÕ_`cdX"h³RAR,¸ja�R`X�p�R`p
a�]ªQ�e�[Ëa�YZw�[ZR,��f&R8R8p�f�a l c:a�R8^<YZR8f` 

t!R8_�cd[Z[�a�N�c:aêc�f&R8R8p
π
YZf·c�f�a l YZX�^"]`�BR l {0, 1} § © N�R l R 1

f�a1cdX�p�fA�ß] l ÑÒQ�c:a�_1NèÑBc<X�p
0
�µ] l c

p�]<X6Ñ a�_�c l Rbf�gLQ�h³]<[Ø �MON�R�[ZR8X�^.a�N
l
]<�
π
YZf�_`cd[Z[ZR8p�a�N�R"²ÎôLÝ<°�]<�

π
cdX�pªa�N�RbXje�Q�h�R l ]<�

1
ÑÒfêYZX

π
Y�a�f&(·¯�ÛË®d«jÚÜ êo f&R8R`p

π
­4Ý�Ú�ì1«�¯,²�cªfna l YZX�^

u ∈ {0, 1} ]<�ë[ZR8X�^.a1N l §�YZ���ß] l R�cd_1NGw³]<f&Y�a�YZ]<X i §
π[i] = 1

YZQªw�[ZYZR8f
u[i] = 1

 �o¹f&R8R`p
π
Þj¯8Ú�¯�ì8Úß²ÁcIf&R8ije�R`X�_8R\ïÜ^Bcdw�[ZR8f&f�c<[ZYZ^<X�QªR8X�a,ð

A ∈ {0, 1}∗YZ�
π
Qªc.a�_1N�R8f!f&]<QªR\f&e�h�fna l YZX�^4]��

A
 

� RGX�] © p�R8f&_ l YZh³R�c�p�g�X�cdQªYZ_Gw l ]<^ l cdQ4QªYZX�^îcd[�^<] l Y�a�N�Q��µ] l _8]<Q4w�e�a�Y�X�^Ða�N�RGR,¸�cd_,a
w l ]<h�cdh�YZ[ZY�a�gGa�N�c.a�c�^<Y��BR8XÃf&R8R8p

π
]<��f&w�cdX

l
§9p�R,a�R8_,a1f\c l cdX�p�]<Q
N�]<Q4]<^�R8X�R8]�e�fIf&R8ije�R8X�_`R

A
]<��[ZR8X�^.a1N

n
cdX�p£f�_`] l R

S
e�X�p�R l c*f&_8] l YZX�^ªfng�f�a�R8Q

(s,−p)  é ]<X�f&YZp�R l c�w l R�ÓL¸î]<��c l cdX�p�]<Q N�]�Q4]<^<R8X�R8]<e�f�f&R8ije�R8X�_8R
A
cdX�pKcdf&f&e�QªR�a�N�c:a�a�N�YZf

w l R�ÓL¸£R8X�p�f © Y�a�N�cªf&eLü4¸ M  OMON�c:a�YZf`§³[ZR,a
A = BMC

cdX�p�[ZR,a |B| = i
cdX�p

S(B) = y
 

rèR,a
P (i,M, y)

h�Rêa�N�ROw l ]<h�cdh�YZ[ZY�a�g�a1N�c:a
π
p�R,a1R8_,a�fëa�N�R�w l R�ÓL¸

BM
]<��c l cdX�p�]<Qsf&R8ije�R`X�_8R

A
ïÜf&R8RIò�YZ^<e l RI�Bð, ëM!Nje�f`§�]�e l ^<]�cd[�Y�fAa1]�_`]<Q4w�e�a�R�a�N�Rbw l ]<h�c<h�YZ[ZY�a�g

P (n, ε, S)
e�f&YZX�^*c�f&R,a

vSwx�yvSz
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i
  M

n

y

S

 11101

score

sequence length

  B   C

ò�YZ^<e l R��Ló é ]<Qªw�e�a1YZX�^�a�N�R\f&R8R8p£p�R,a1R8_,a�YZ]<X£w l ]�h�cdh�YZ[�Y�a�g¡]<X£N�]<Qª]<^<R8X�R8]<e�f!f&R8i�e�R8X�_8R8f

]<� l R8_8e l f&Y��BRbR8i�e�c:a�YZ]�X�fAa�N�c:a © Rbp�R�Ó�X�RbX�] ©  �MON�R��µ]<[Z[Z] © YZX�^*c l RbYZX�Y�a�Y�cd[�_8]<X�p�Y�a�YZ]<X�fê]<��a�N�R
l R`_8e l f&YZ]<Xèó
Í «0Î

P (i,M, y) = 0
§�YZ�

i+ |M | < l
§

Í «S«CÎ
P (i,M, y) = 1

§�YZ� |M | = l
cdX�p

π
p�R,a�R8_,a1f

M
 

MON�R��ß]<[Z[Z] © YZX�^�_8]<X�p�Y�a�YZ]<X�fbYZX�f&e l RIa�N�c.a!a�N�R�w l ]<h�cdh�YZ[ZYZf�a�YZ_"f&w�cd_8R"YZf l R`f�w�R8_,a�R`p6  é ]<X�p�Y�a�YZ]<X
ïÜYZYZYµðbf�c8gLf�a�N�c:aIa�N�R�f&R8i�e�R8X�_8R8f\e�X�p�R l _`]<X�f&YZp�R l c:a�YZ]<XÐ_`cdX�X�].a�N�c8�BR4c�X�R8^�c:a�Y��jR*f&_8] l R*] l c
f&_8] l R�^ l R`c:a�R l a�N�cdX

S
  é ]<X�p�YËa�YZ]<X�ïÜY���ðëYZf·]<w�a1YZ]<X�cd[�h�e�a�cd[Z[Z] © f�a�]"_`e�aê]dö£c:aêR`c l [ZYZR l f�a1cd^<R`f

f&]<Q4R"YZX��µR l a1YZ[ZR"h l cdX�_1N�R`f�]<�Áa�N�R�_`]<Q4w�e�a1c:a1YZ]<X6 �vÎa�YZX�f�e l R8fOa1N�c:a�a�N�R © cd[ ¤ f�c l R"YZX�f&YZp�R\a�N�R
p�Y�cd^<]<X�cd[èh�c<X�p�p�R8Ó�X�R`p�h�g�R,¸ja l R`Qªcd[èw³]<YZX�a1f"ïÜf&R8R�ò�YZ^<e l R���ð, 
Í «S«0«0Î

P (i,M, y) = 0
§�YZ�

y ≥ S cdX�p i < n
§�] l

y ≤ 0
cdX�p

n > 0
§

Í «LÏxÎ
P (i,M, y) = 0

§�YZ�
y > i · s ] l y < S − (n− i) · s  

MON�R\�µ]�[Z[Z] © YZX�^ª_8]<X�p�Y�a�YZ]�X�f!p�R`f�_ l YZh³R�QªcdYZX l R8_8e l f&YZ]<X�f�a�R`w�f` 
Í ÏlÎ YZ�

π
p�]�R8f!X�].abp�R,a1R8_,a

1l−|Mb|Mb
ï
b ∈ {0, 1} ð�§�a1N�R8X P (i,Mb, y) = P (i,M, y)

§
Í Ï�«CÎ YZ� |M | < l

§³a�N�R8X
P (i,M, y) = P1P (i − 1, 1.M, y − s) + P0P (i − 1, 0.M, y + p)

§
© N�R l R P1

cdX�p
P0
c l R\_8]<Qªw�eLa�R8p�e�f&YZX�^4�µ] l Q�e�[�c<f"ïÎz<ð,§uïØ¦�ð,ó

P1 =
|DS

S−y+s,i−1|
|DS

S−y,i|
, P0 =

|DS
S−y−p,i−1|
|DS

S−y,i|
ïÎ}<ð
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�
���
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é ]�X�p�Y�a1YZ]<XÃïµ��ðAf�c8gLf·a�N�c:aOYZ�
Mb

YZfêX�].a!c"f&e�ü*¸�]<�ucdX�g�Q�c:a�_1N�]<�
π
§Ba1N�R8X�a�N�R�[�cdf�aO[ZR,a�a1R l

b_`cdX�h³R·p l ]<w�w³R8p�]<eLa�  é ]<X�p�Y�a1YZ]<X�ïß�LY ðèYZfua�N�R·Q4]<f�a�a l YZ_ ¤ g�]<X�R� ÁvÎaëf�c8gLfua1N�c:aëYZ�
M
YZf�f�N�] l a�R l

a�N�cdX
l
§ja�N�R`X�a�N�RIw l ]<h�c<h�YZ[ZY�a�g�YZfOp�R`_8]<Q4w�]<f&R8p¡YZX�a�]�a�N�RIf&e�Q ]<�6a © ]�a1R l Q4fO_8] l&l R8f&w³]<X�p�YZX�^

a�]ªa © ]�w³]<f&f&YZh�[ZR�f�a1c:a�R`fb]<��a�N�R © cd[ ¤£l YZ^<NBa�h�R8�µ] l R\a1N�R�fna,c l aI]<� M ïØò�YZ^<e l R���ð, �o © c8g�a�]
_8]<Qªw�eLa�RIa�N�R�w l ]�h�cdh�YZ[ZY�a�g

p0
cdX�p

p1
]<�ëR`cd_1NG]<�ua�N�]<f&R�f�a1c:a�R`f�YZfOa�]7�OÐ�YZw£]`�jR l �Ia�N�R © N�]<[ZR

w�YZ_,a�e l R¡cdX�pÍa�]�a�N�YZX ¤ ]<��a1N�R © cd[ ¤ cdf*_8]<Q4YZX�^�� l ]<Q w�]<YZX�a
(n, S)

a�]
(0, 0)

 ÐMON�R8X6§
P0cdX�p

P1
c l R�_8]<Qªw�e�a1R8p�hBgG�µ] l Q�e�[�c�ï���ð�e�f&YZX�^�a�N�R�_8]<e�X�a�YZX�^�a�R8_,N�X�YZi�e�R�p�R8f&_ l YZh�R8p�YZXGa�N�R

w l R,�LYZ]<e�f4f&R8_,a�YZ]�X6 KMON�R © cd[ ¤ f�a1N�c:aª_`]<X�a l YZh�e�a�R�a�]Ðw l ]<h�cdh�YZ[ZY�a1YZR8f P0
cdX�p

P1
c l R�a�N�]�f�R

[Z]j_�c:a�R8p£YZX�f&YZp�R�a�N�R\f&N�cdp�] © R`p�ù`]<X�R\YZXGò�YZ^<e l R��L 
M!N�R l R8_8e l f&Y��BR�p�R8_8]�Q4w³]�f�Y�a1YZ]<X�]<�

P (n, ε, S)
^<]�R8fIcdfI�µ]<[Z[Z] © f`ó!hBg�cdw�w�[�gLYZX�^�ïß�LY ð,§�a1N�R

f&YZù8R4]<�
M

YZX�_ l R`cdf&R8f�e�w�a�]�[ZR8X�^.a�N
l
§9a�N�R8XÐh�gÐcd[�a�R l X�c:a1YZX�^�ïµ��Y ðIcdX�p>ïµ��ð,§9a�N�R*f&YZù8Rª]<�

M]<f&_8YZ[Z[�c.a�R8f!h�R,a © R8R`X l cdX�p (l − 1) © N�YZ[ZR i p�R8_ l R`cdf&R8f!e�X�[ZR8f&f!_8]<X�p�Y�a�YZ]<X�f"ïÜY ð��,ïÜY���ð�c<w�w�[�gj M!N�R © ] l f�a���_�cdf&RG_`]<Q4w�[ZR,¸LY�a�g¹]<��a�N�R�cd[Z^<] l Y�a�N�Q�YZf
O(2l · S · n)

h�].a�N�YZX>a�YZQ4R�cdX�p
f&w�cd_`R< £M!N�Rªa�YZQ4R�_8]�Q4w�[ZR�¸LY�a�gÍ_`cdXîh�R�YZQªw l ]`�BR`pîh�gÍYZX�a l ]jp�e�_8YZX�^�cGw l R8w l ]j_8R`f�f&YZX�^Gf�a�R`w
cdX�p>R�¸Lw�[Z]<Y�a1YZX�^Ða�N�R£f�a l e�_,a�e l R£]���a1N�R£f&R8R`p

π
§��µ]<[Z[Z] © YZX�^îc�^<R8X�R l cd[�QªR,a�N�]�p>p�R`f�_ l YZh³R`p

YZX´¥��`�L§!�d¨Î  v��
w
YZf¡a�N�R © R8YZ^<N�a�]<��a1N�RÐf&R8R`p π

§ba�N�R�a�YZQ4R�_8]<Q4w�[ZR,¸LY�a�g _`cdX$h³RÐQ�cdp�R
O(l · 2l−w · (l2 + S · n))

  � R l R8�µR l a�]G¥ �d¨è�µ] l p�R,a,cdYZ[Zf` 
M!N�R*cd[Z^<] l Y�a1N�Q
w l R`f�R`X�a�R8pÃcdh³]`�jR�_`cdX�h�R�R,¸ja1R8X�p�R8p£a�]�_8R l a,cdYZX�Q�e�[�a1Y���f&R8R8p�p�R,a�R`_,a�YZ]<X

f�a l c.a�R8^<YZR8f`§ © N�R`X�c�«BÛßÚèYZfbp�R�Ó�X�R8p�cdf!a © ]�] l Q4] l R"w l ]`¸LYZQ�c:a�R"]�_8_8e l&l R8X�_`R8f�]<��cªf�R`R8p6 �o
Q�e�[�a�Y���f&R8R`pGfna l c:a�R`^.g£YZf�e�f&R8pGYZX�U\cdw�w�R8p ñ r6o\Â�M ¥ÒS:¨êïµa © ]�X�]<X���]`�BR l [�cdw�w�YZX�^�f&R8R8pG]�_8_8e l �
l R`X�_8R8f1ð,§ ñ r6o�M ¥��8|<¨Oïßa © ]�] l Qª] l R*X�]<XL��]`�BR l [�c<w�w�YZX�^�]�_8_8e l&l R8X�_`R8f1ð,§ k c:a�a�R l X Ä e�X�a�R l ¥��`¦d¨
ïµa © ]4w³]<f&f&YZh�[�g¡]`�BR l [�cdw�w�YZX�^4]j_8_`e l�l R`X�_8R8f1ð,§�ÑAo\Â�ÂÐ¥���}:¨AïØcdXBg�X�e�Q�h�R l ]��uw�]<f&f&YZh�[�g¡]`�BR l [ cdw��
w�YZX�^4]j_`_8e l�l R8X�_8R`f8§ © Y�a�NGcdp�p�Y�a1YZ]<X�cd[ l R8f�a l YZ_,a�YZ]<X£]<X¡a�N�R\]`�jR l [�cdw£f&YZù8R�ð� 

M�]�R,¸ja�R`X�p\a�N�R·cd[Z^�] l Y�a�N�Q a�]Oa�N�RA_`cdf&RA]<�
K
f&R8R8p�f © Y�a�N�]<e�a�_8]<X�f�a l cdYZXBa�fu]�XIa1N�RA]`�BR l [�c<w6§

Y�a*YZf"f&e�üª_8YZR8XBa"a�]Gw�R l �ß] l Q a1N�R l R8_`e l f&YZ]<Xî]<XÐa�N�R�w l ]�h�cdh�YZ[�Y�a�g
P (i,M, y, k)

§ © N�R l R4a1N�R
cdp�p�Y�a�YZ]<X�cd[ëw�c l cdQªR,a�R l

k
§

0 ≤ k ≤ K
§6QªR`cdX�f�a�N�c:a

k
p�YZf�a�YZX�_,a�]j_`_8e l�l R8X�_8R`fI]<��a�N�R*f&R8R`p

c l R�c<f�f&e�Q4R8pGa�]�]�_8_8e l YZX
BM

ïÜf&R8R*ò�YZ^<e l R*��ð� IMON�R�Qª]jp�YËÓ�_`c:a�YZ]<X © YZ[Z[�QªcdYZX�[�g�_8]<X�_8R l X
l R`[�c:a�YZ]<XÍïÜYZY ð,§ © N�YZ_1N © YZ[Z[ l R`cdp£cdf P (i,M, y, k) = P (i,M−, y, k − 1)

§ © N�R l R M− Q4R`cdX�f© ] l p M © Y�a�N�]�e�a�a�N�R l YZ^<N�a�Qª]<f�a�[ZR,a�a�R l  �v��Aa�N�Rª]`�BR l [�cdwÍh³R,a © R8R8XÃa © ]Gf&e�_8_8R8f&f&Y��BRªf&R8R8p�f
YZf*e�w�w�R l ��h�]<e�X�p�R8pKh�gKf�]�Q4R�_`]<X�f�a1cdX�a

∆
ïÜw�]<f&f&YZh�[�gKù8R l ]�§�YZX © N�YZ_1NK_`c<f�R¡X�]Ã]`�BR l [�c<w YZf

cd[Z[Z] © R8p�ð,§�a�N�R!Q4]�p�YËÓ�_�c:a�YZ]<X�f�a�YZ[Z[�N�]<[Zp�f`§BR,¸�_8R8w�aAa�N�c.a M− f&N�]<e�[Zpªh�R!f&R,a�a1] M © Y�a1N�]<e�a ∆l YZ^�N�a�Q4]�fna�[ZR,a&a�R l f` �v��èa�N�R\p�R,a�R`_,a�YZ]<X�f�a l c:a�R`^.g�YZQªw³]�f�R`f!cdX¡e�w�w�R l h³]�e�X�p�]<X�a1N�RIp�YZfna,cdX�_8R
h�R,a © R8R8X¹a © ]îX�R8YZ^<Njh�] l YZX�^Íf&R8R`p�f`§êa�N�R l R8_8e l f&YZ]<X�^<R,a1f�Q4] l R�_8]�Q4w�[ZR�¸9§�cdf�gBR,a�cdX�]da�N�R l
w�c l cdQ4R�a�R l f�N�]<e�[ZpÃh³R*YZX�a l ]jp�e�_8R8p�a�]À�nf�a�] l RV�"a�N�R*p�YZfna,cdX�_8R*h³R,a © R8R8X�a�N�R�_8[Z]<f&R8pÃf&R8R8pÃ]<X
a�N�R\[ZR8��a: 

vSwx�yvSz
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MÁ]bp�R8Q4]<X�f�a l c:a1R�a�N�R·h�Y�cdf�YZX�a l ]�p�e�_`R8p"hBg"YZ^<X�] l YZX�^!a�N�R·w l ]<w�R l a�g"]<��N�]<Qª]<^<R8X�R8]<e�f&X�R8f&f8§ © R
_8]<Qªw�c l R8p¡a1N�R�p�R,a�R8_,a1YZ]<XGw l ]<h�cdh�YZ[ZY�a1YZR8f�]<�ëp�YËö9R l R8X�a�f&R8R8pGf�a l c:a�R`^<YZR8f�]<XGN�]<Qª]<^<R8X�R8]<e�f!�Lf
X�]<X���_8]�X�f�a l cdYZX�R8p�cd[ZYZ^�X�Q4R`X�a�fè]<�Lc�^�Y��BR8X�f&_8] l RAcdX�p�p�YËö�R l R8X�aÁ[ZR8X�^da�N6 uM!N�R�w l ]<h�cdh�YZ[ZY�a1YZR8fè�µ] l
N�]<Q4]<^<R`X�R8]<e�f�cd[ZY�^<X�Q4R`X�a�f © R l R�_8]<Qªw�e�a1R8p£h�g�a�N�R"cd[Z^<] l Y�a1N�Q ]���Â�R`_,a�YZ]<XG�L êò�] l ^<R8X�R l cd[
cd[ZYZ^�X�Q4R8XBa�f`§èc�f&YZQªw�[ZR l �jR l f&YZ]<XÃ]<��a�N�R*cd[Z^<] l Y�a�N�Q © cdf\e�f&R8p6§�a�N�c:a�p�]jR8f\X�].a"cd_8_8]<e�X�a��µ] l
a�N�R\N�]<Qª]<^<R8X�R8]<e�f&X�R8f&fO_`]<X�f�a l c<YZX�a�ïØp�R,a1c<YZ[Zf�c l R�[ZR8��a�]�e�a,ð, 

òÁYZ^�e l R�|�óAÂLR8R8p�p�R,a�R8_,a1YZ]<X�w l ]<h�cdh�YZ[ZY�a�g�]<X�N�]<Q4]�^<R8X�R8]�e�f��Lf�c l h�Y�a l c l g�cd[ZY�^<X�Q4R`X�a�f
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ò�YZ^<e l R�|Íf&N�] © f�a�N�R l R8f&e�[�a1f8 �ÕAcd_1N�w�[Z].a l R8w l R8f&R8X�a1fªa�N�RGw l ]<h�cdh�YZ[ZY�a�g¹]<��c�_8R l a1cdYZX
f&R8R8p¡a�]ªp�R,a1R8_,abN�]<Qª]<^<R8X�R`]<e�f1õdc l h�Y�a l c l g�cd[ZYZ^�X�Q4R`X�a�f�]<��c4_8R l a1cdYZX£f&_8] l R"cdf�c4�µe�X�_,a�Y�]<X�]<�
a�N�R8Y l [ZR8X�^.a1N6 �ob[�[ÁR,¸Lw�R l YZQªR8X�a1f l R8w�] l a�R8p�YZXGa�N�YZfIf�R`_,a�YZ]<X�e�f&R"a�N�R�p�R8�ßc<e�[�a ñ rèo\Â�M×Ö���õ��
�£f�_`] l YZX�^Gf�gLf�a�R`Q� ¡rèR8��a*cdX�p l YZ^<NBa�w�[Z].a�f"_8] l�l R8f&w�]<X�pÐa�]Gf�_`] l R£��¦£c<X�pî��S l R8f&w³R8_,a1Y��BR8[�gB 
MON�R"e�w�w³R l�l ] © _8] l�l R`f�w�]<X�p�fOa1]4a�N�R"f&R8R8pî�<�`{L�`{<{L���`{<{L�`{L�`{��<�<�<��]<� © R8YZ^<NBa�����cdX�pGf&w�c<X
�`ûúïÜYZQ4w�[ZR8Q4R`X�a�R8púYZX k c:a�a1R l X Ä e�X�a1R l ¥��`¦d¨µð,§ © N�YZ[ZR£a1N�R�[Z] © R l�l ] © _`] l�l R8f&w�]<X�p�fªa1]�a�N�R
_8]<XBa�YZ^<e�]<e�f!f&R8R8p£]<� © R`YZ^<N�a��<�ªïØYZQ4w�[�R8Q4R8XBa�R8p�YZX ñ rèoIÂ�Mx��¥��8¨µð, 
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ò�] l cd[Z[�f�R�a�a�YZX�^�f8§�a1N�R l R8f&e�[�a�f�f&N�] © _8[ZR`c l [�g�a1N�c:a\YZ^<X�] l YZX�^ªa�N�R�_8]<X�p�Y�a1YZ]<X�]<��N�]<Qª]<^<R,�
X�R8]<e�f&X�R`f�fO[ZR`cdp�fêa�]4c*_8]<X�f&YZp�R l cdh�[�RIe�X�p�R l R`fna1YZQªc:a�Y�]<X¡]<�6a1N�RIf&R8X�f�YËa�Y��LY�a�gB �MON�R\� l cd_,a1YZ]<X¡]<�
N�]<Q4]<^<R`X�R8]<e�fAcd[�YZ^<X�QªR8X�a�fAQªYZf�f&R8pªYZf`§jYZXªQ4]�fna·_�cdf&R8f`§jc:a·[ZR`c<fnaAa © ]Ia�YZQªR8fAQ4] l R�a�N�c<X © N�c:a
]<X�R © ]<e�[Zp�R�¸Lw³R`_,a�]<eLa�]<�ÁQªR`cdf&e l R8Q4R8XBa�f!]<X£c l h�Y�a l c l g�cd[�YZ^<X�QªR8X�a�f` #IX�R�]<��a�N�R!Q4]�fnaêYZQ4w�] l a1c<X�aêcdw�w�[ZYZ_`c.a�YZ]<X�f·]<��QªR`cdf&e l YZX�^Ia�N�R!f&R8X�f&Y�a�YË�LY�a�gªYZf�a�N�R�p�R8f&YZ^<X
]<�Áh³R8f�a!f&w�cd_8R`p¡f&R8R8p�f��ß] l a�N�RIp�R,a�R8_�a�YZ]<X�]<�Ácd[ZYZ^<X�QªR8X�a1fO]<�Ác�_8R l a1cdYZX�a�gLw�R< �MON�R l R8�µ] l R�§ © R
Q�cdp�R�cdX�].a�N�R l ^ l ]<e�wª]<��R,¸Lw�R l YZQªR8X�a�fAcdYZQªYZX�^"c:a·_8]<Q4w�c l YZX�^�a�N�ROQª]<f�aAf&R8X�f�Y�a1Y��BROf&R8R`p�f��µ] l
N�]<Q4]<^<R`X�R8]<e�f��Lf�c l h�Y�a l c l g£cd[ZYZ^<X�Q4R8XBa�f` AÂL]<Q4R l R8f&e�[�a�f�c l R�f&N�] © X£YZX�Mëcdh�[ZRª�< 

� Rb_8]<Qªw�eLa�R8pÃ¬,ô�ÚÜÛµ­4Ý�â�²`¯�¯&Þ.²��µ] l p�R,a�R8_�a�YZX�^�N�]<Qª]<^<R8X�R`]<e�f�cdX�p�c l h�Y�a l c l g�cd[ZYZ^<X�QªR8X�a1f
]<�ë[ZR8X�^.a�N

40
§��µ] l f&R,�BR l c<[ l R8[�c:a�Y��jR8[�g£[Z] © f&_8] l R\��cd[Ze�R8f�ï���S�§u��¦ªc<X�p�Sd{�ð, !Â�R8R`p�f�]<� © R8Y�^<N�a��cdX�pK�`{¡c l R�f&N�] © X�YZX�M�cdh�[ZR��< IMON�R�g�N�c8�BR�h³R`R8X�]<h�a1c<YZX�R8p�h�g£a�N�R�R�¸LN�cde�f�a�Y��BR�f&R`c l _1N

a�N l ]<e�^�NKc<[Z[êf&R8R8p�f*]<�!f&w�cdXKe�wÍa�]�Sd{��µ] l © R8YZ^<NBaÀ��cdX�pKe�wÍa�]ÐSd���µ] l © R8Y�^<N�a���{L ÃMON�R
w l ]<h�cdh�YZ[ZY�a�YZR8f © R l R�_`]<Q4w�eLa�R8pîhBgÐa�N�R�cd[Z^<] l Y�a�N�Q ]<��ÂLR8_,a�YZ]�XK�L �M!N�Rªa1c<h�[ZR�f&N�] © f"a�N�c:a
�µ] l a�N�R�f�cdQªR�w�c l cdQ4R,a1R l f�ïØcd[ZYZ^<X�Q4R8XBa�f&_8] l R�cdX�pÍf&R8R`p © R8YZ^<NBa,ð,§ua1N�R�]<wLa�YZQªcd[·f&R8R8p�f�c l R
p�YËö�R l R8XBa�§6p�R8w�R8X�p�YZX�^¡]<X © N�R,a�N�R l a1N�R*]<wLa�YZQ�cd[ZY�a�gÃYZf\p�R�Ó�X�R8p © Y�a�N l R8f&w³R`_,aIa�]£cd[Z[�cd[ZY�^<X��
QªR8X�a�f�ïÜw l ]<h�cdh�YZ[ZYËa�g

Pa
ð�] l ]<X�[�gªN�]<Q4]<^<R`X�R8]<e�fA]<X�R8fbïØw l ]<h�cdh�YZ[ZY�a�g

Ph
ð� �v�X�R�cd_1N�_`cdf&R<§�a�N�R

N�YZ^<N�R8f�a�w l ]<h�c<h�YZ[ZY�a�g�YZf!f&N�] © X£YZX£f&[�cdX�a�R8p£_1N�c l cd_,a�R l f8 

M�cdh�[ZRª�<ó�#�w�a1YZQªcd[6f&R8R`p�f!�µ] l N�]<Q4]�^<R8X�R`]<e�f��Lf�c l h�Y�a l c l g�c<[ZYZ^<X�QªR8X�a�f

(n, S) w shape Ph Pa
(40, 12) Ø Ù�Ù§Ù�Ú�Ú�Ù/Ú�Ù�Ù�Ú�Ù�Ù§Ù ÛÝÜ�Þ`ß§à�ágâ�ã ä¤åcØ`ä`æ`çÝè`æ
(40, 12) Ø Ù�Ù§Ù�Ú�Ú�Ù/Ú§ÚZÙ�Ú�Ù/Ú�Ù�Ù§Ù ä¤åcØ`é`ç	ê¤ë�ì ÛÝÜ�Þ§ã¤âVß�à>Þ
(40, 16) Ø Ù�Ù§Ù�Ú�Ú�Ù/Ú�Ù�Ù�Ú�Ù�Ù§Ù ÛÝÜ�Þ`Þ`ß>í§ÞÝÞ ä¤åcØ`é`é`éÝé`è
(40, 16) Ø Ù�Ù�Ú§ÚZÙ§Ù/Ú�Ù/Ú�Ù§Ù�Ù§Ù ä¤åcØ`Ø`é`ç	ê§ç ÛÝÜ�Þ`ß`Þ/î§í	î
(40, 20) ë�ä Ù�Ù§Ù�ÚZÙ�Ú�Ú�Ù�Ù§Ù�ÚZÙ§Ù�Ù ÛÝÜ�Þ`Þ`Þ§ã¤âká ä¤åcØ`Ø`ì`çÝä`ç
(40, 20) ë�ä Ù�Ù�Ú�Ù�Ù�Ú�Ú�Ù/Ú�Ù�ÚZÙ§Ù�Ù§Ù ä¤åcØ`Ø`Ø`ä`ì`ê ÛÝÜ�Þ`Þ§à�îÝî`î

ï ð ����ç�#��³���&���

v�X4a�N�YZfAw�cdw³R l © R!w l R8f&R8X�a1R8p�cdX�cdw�w l ]�cd_1N4a�]�QªR`cdf&e l R�a�N�R�f�R`X�f&Y�a�Y��LY�ang4]<�9f&R8R8p���h�cdf&R8pªf&YZQ��
YZ[�c l Y�a�gÐf&R`c l _1N�f�a l c.a�R8^<YZR8f` ªM!N�R4Q�cdYZX�w³]�YZX�a"YZf\a�]£_8]<Q4w�e�a�R*a�N�RªN�Y�a�w l ]�h�cdh�YZ[�Y�a�gÐc<^�cdYZX�f�a
N�]<Q4]<^<R`X�R8]<e�fbcd[ZYZ^�X�Q4R`X�a�f`§ l c:a1N�R l a�N�cdX�c l h�Y�a l c l gGcd[ZYZ^<X�Q4R8XBa�f` �MON�R"w l ]<w³R l a�g�]<�ëN�]<Q4].�
^<R8X�R8]<e�f�X�R8f&f l R8ije�Y l R8fba1N�c:aIa�N�R4cd[ZYZ^<X�QªR8X�a�p�]�R8fIX�].a�_8]<XBa1cdYZXÃf&YZ^<X�YËÓ�_`cdX�a�X�R`^�c:a�Y��BR,��f&_8] l R
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