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1. INTRODUCTION
This poster presents a symbolic-numeric method to compute
the monodromy group of a plane algebraic curve viewed as a
ramified covering space of the complex plane. Following the
definition, our algorithm is based on analytic continuation of
algebraic functions above paths in the complex plane. Our
contribution is three-fold : first of all, we show how to use
a minimum spanning tree to minimize the length of paths ;
then, we propose a strategy that gives a good compromise
between the number of steps and the truncation orders of
Puiseux expansions, obtaining for the first time a complex-
ity result about the number of steps; finally, we present an
efficient numerical-modular algorithm to compute Puiseux
expansions above critical points, which is a non trivial task.
A number of figures and examples illustrate the poster.

Motivations

• Galois theory, multivariate polynomial factorization. . .

• First step for an effective Abel-Jacobi Theorem [1]

Notations

• K a subfield of C,

• F = Y d + ad−1(X)Y d−1 + · · · + a0(X) ∈ K[X, Y ] a
squarefree polynomial,

• C = {(x, y) ∈ C2 |F (x, y) = 0} the associated curve,

• D(x0, ρ) the open disc with center x0 and radius ρ.

Some definitions

• Fiber at x0 ∈ C : F(x0) = {y ∈ C s. t. F (x0, y) = 0}.

• A point x0 is regular if #F(x0) = d.

• A point x0 is critical if #F(x0) < d.

Critical points are denoted c1, . . . , cp. They are roots of
the discriminant of F in Y . We will denote δ(x0) the dis-
tance between x0 and its nearest critical point (x0 excepted).
There exist d so-called Puiseux series
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The integers ei are called the ramification indices.

Expansions above a regular point x0.

• Implicit Function Theorem : for each yi ∈ F(x0), there
is an analytic function Yi(X) such that F (X, Yi(X)) =
0 in a neighborhood of x0 and Yi(x0) = yi.

• The convergence radius of Yi is at least δ(x0)

• If a path γ does not meet any critical point, Yi(X) can
be analytically continued along γ.

Monodromy. Let

• a be a regular point, F(a) = {y1, . . . , yd} be its fiber,

• Y1(X), . . . , Yd(X) be the series at X = a defined by
the Implicit Function Theorem,

• γi : [0, 1] → C a loop in the x-plane with base a that
encloses a single critical point ci.

We analytically continue the Yk(X) along γi. When t gets
close to 1, γi(t) gets close to a and the values of the con-
tinuations {Y1(γi(t)), . . . , Yd(γi(t))} tend to the fiber at a,
defining a permutation σi of {1, . . . , d} so that :

Yk(γi(t)) → yσi(k) = Yσi(k)(a).

Definition 1 The monodromy group M of the covering

(C, x) is the group generated by the σi.

Our goal is to compute a set of such generators.

2. CONTRIBUTIONS
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Figure 1: Path homotopic to γ5

Minimal spanning tree. To minimize path lengths, we
compute a Euclidean minimal spanning tree T for the set



V = {c0 = a, c1, . . . , cp}. For each i, we compute a path γ′
i

along T homotopic to γi (see Figure 1).

Continuation strategy along γ′
i

1. Compute truncated Puiseux expansions at vertices ck

and midpoints cjk of T (see Figure 1).

2. Choose ekj ∈ D(ck, δ(ck)) ∩ D(cjk, δ(cjk)).

3. Connect fibers at ejk and ekj using expansions at cjk.

4. Connect fibers at ejk and ekl using expansion at ck

(continuation along arc of circles, see Figure 1).

5. Emulate a small loop around ci using expansion at ci.

6. Put end to end all these connections to compute σi.

Moreover, expansions above critical points will be useful in
the construction of the Abel map [1]. Finally, truncated
Puiseux series will provide :

• error bounds to get reliable connections,

• error bounds for integrals involved in Abel’s map[1, 2].

Connecting expansions and fibers. In order to reliably
connect Puiseux series to fibers above the ejk, bounds for
the truncation orders are required. Let S(X) be a Puiseux
expansion above x0 with ramification index e, convergence
radius ρ and S

n
(X) be its order n truncation. We can

compute an upper bound M for sup
x∈D(x0,ρ)

|S(x)| by using

root bounds for univariate polynomials. Finally, denoting
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e

, we have :

Proposition 1 Let η be a positive real number. Then
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Number of steps. With such a bound, truncation orders
may be too high. Therefore, we use intermediate points to
decrease these numbers. Experiments shows that setting
β = 1

2
gives a good compromise, introducing a logarithmic

number of intermediate connection points for a half-edge of
the tree. We obtain :

Proposition 2 If g is the genus of the curve and D is the

total degree of F , the total number of intermediate points

required to compute the monodromy by our method is in

O(p log LM

Lm
+ g), and so in O(D2 log LM

Lm
).

Corollary 1 If F ∈ Z[X, Y ], we need O(D6 log ‖F‖∞) in-

termediate points.

Numerical evaluation of Puiseux series above the ci.

Naive idea : Compute symbolically [3], evaluate numerically.
Problems: • overwhelming coefficient swell.
• Bit complexity O(d32) [4].
• Numerical evaluations may still be inaccurate.

Our idea: a modular-numeric algorithm that proves ef-
ficient in practice.
Computations modulo a prime number p provide the exact
information that we need in order to proceed reliably with
floating point numbers.

The correspondence between polynomials modulo p and nu-
merical polynomials is not easy to establish. Our algorithm
makes this correspondence.
Our experiments show that approximations for the series
coefficients are reasonably accurate, yielding accurate eval-
uations of algebraic functions in the neighborhood of critical
points.
The poster presents an example to illustrate our method.

Experimental results for this algorithm computed with
a Maple 10 prototype implementation. Symbolic computa-
tions are obtained with the algcurves package.
Let F (X, Y ) = (Y 3 − M10,6(X))(Y 3 − M10,3(X)) + Y 2X5

where Ma,d(X) = Xd − 2(aX − 1)2. We compute Puiseux
expansions above roots of P (X), a degree 30 irreducible fac-
tor of the discriminant of F in Y .
We compare the precision we get for the coefficient in X

1

2

of the series computed for:
• the evaluation of the symbolic expansions,
• the expansions computed by our algorithm.

Digits Symbolic + Numeric Our algorithm
10 0 4
20 0 15
30 5 29

We also considered the family of polynomials defined by the
following recursive expression :
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. We com-

pute Puiseux series above 0. They all have coefficients in
Q (case most favorable for the symbolic algorithm).
Our algorithm is performed with a precision of ten digits.
We consider computation times for the ramified part of all
the expansions above 0. Moreover, we give the number of
correct digits of the results.

Polynomial time for symbolic Our algorithm
used computations time precision
G8 0.031 s 0.029 s 9
G12 0.041 s 0.099 s 9
G16 2.3 s 0.221 s 9
G20 0.751 s 0.550 s 9
G24 2.889 s 0.920 s 9
G28 8.509 s 1.719 s 9
G32 30.820 s 5.040 s 9
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